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Introduction  
As part of the work of the sigma-funded Fine Art Maths Centre at Central Saint Martins, we have 

devised a series of geometry workshop courses that make little or no demands as to prerequisites 

and which are, in most cases, led by practical construction rather than calculation. This booklet and 

its accompanying resources on Euclidean Geometry represent the first FAMC course to be 'written 

up'. 

We have taught the material in a Fine Art setting, but it could be adapted with little difficulty for 

Design or Arts and Humanities students; some of it was first tried out in puōƭƛŎ άŘǊƻǇ-ƛƴέ ǎŜǎǎƛƻƴǎ ǿŜ 

ran out of a pub and later a café from 2012 to2014. Our approach is also suitable for those who may 

previously have had bad experiences with mathematics: algebra and equations are kept to a 

minimum and could be eliminated. 

If youΩǊŜ ŀ ƳŀǘƘǎ ǘŜŀŎƘŜǊ ƛƴǘŜǊŜǎǘŜŘ ƛƴ ǊŜŀŎƘƛƴƎ ǎǘǳŘŜƴǘǎ ǿƘƻǎŜ Ƴŀƛƴ ƛƴǘŜǊŜǎǘǎ ŀǊŜ ŀǊǘƛǎǘƛŎΣ ŎǳƭǘǳǊŀƭ 

ƻǊ ǇƘƛƭƻǎƻǇƘƛŎŀƭ ǿŜ ƘƻǇŜ ȅƻǳΩƭƭ ŦƛƴŘ ǎƻƳŜǘƘƛƴƎ ƻŦ ǾŀƭǳŜ ƘŜǊŜ ǿƘŜǘƘŜǊ ȅƻǳ Ǌǳƴ ǘƘŜ ŎƻǳǊǎŜ άŀǎ ƛǎέ ƻǊ 

adapt it heavily to suit your own students. Many of the students who follow this one go on to our 

course Perspective & the Geometry of Vision, although it is not a prerequisite. 

IŦ ȅƻǳΩǊŜ ŀ ǎǘǳŘŜƴǘ ǿŜ ƘƻǇŜ ǘƘŜǊŜΩǎ ŜƴƻǳƎƘ ƛƴŦƻǊƳŀǘƛƻƴ ƘŜǊŜ ŀƴŘ ƛƴ ǘƘŜ online resources to get you 

started with Euclidean geometry. Learning almost anything is easier with a good instructor but 

ǎƻƳŜǘƛƳŜǎ ǿŜ Ƴǳǎǘ ƳŀƴŀƎŜ ƻƴ ƻǳǊ ƻǿƴΦ ¢Ƙƛǎ ōƻƻƪ ŘƻŜǎ Ŏƻƴǘŀƛƴ άǎǇƻƛƭŜǊǎέ ƛƴ ǘƘŜ ŦƻǊƳ ƻŦ ǎƻƭǳǘƛƻƴǎ 

to problems that are often presented directly after the problems themselves ς if possible, try to 

figure out each problem on your own before peeking. 

WŜΩǊŜ ŀǿŀǊŜ ǘƘŀǘ Euclidean geometry ƛǎƴΩǘ ŀ ǎǘŀƴŘŀǊŘ ǇŀǊǘ ƻŦ ŀ ƳŀǘƘŜƳŀǘƛŎǎ ŘŜƎǊŜŜΣ ƳǳŎƘ ƭŜǎǎ ŀƴȅ 

other undergraduate programme, so instructors may need to be reminded about some of the 

ƳŀǘŜǊƛŀƭ ƘŜǊŜΣ ƻǊ ƛƴŘŜŜŘ ǘƻ ƭŜŀǊƴ ƛǘ ŦƻǊ ǘƘŜ ŦƛǊǎǘ ǘƛƳŜΦ ²ŜΩǾŜ ǘƘŜǊŜŦƻǊŜ ŀŘŘǊŜǎǎŜŘ Ƴƻǎǘ ƻŦ ƻǳǊ 

remarks to an intelligent, curious reader who is unfamiliar with the subject.  

Experts will, of course, find they can skim over parts that neophytes may need to take slowly. 

Likewise, some of our remarks are obviously directed to teachers and few of the more wide-reaching 

examples are boxed off: those with limited mathematical background can safely ignore them. 

We assume that students following the course have no formal mathematical training beyond basic 

arithmetic. The level of prior maths study seems, in our experience, to be a fairly poor predictor of 

how well a student will cope with their first meeting with Euclidean geometry.  Our aim is not to 

send students away with a large repertoire of theorems, proofs or techniques. Instead we focus 

persistently on what we think are the important general ideas and skills. In particular, the 

construction and understanding of careful proofs is given centre stage. 

7ÈÁÔȭÓ ÉÎ ÔÈÉÓ "ÏÏËÌÅÔȩ 
We begin with some remarks connecting our subject with areas that arts and humanities students 

probably know about and are interested in. Partly this makes for good motivation, and helps the 

ǎǳōƧŜŎǘ ǎŜŜƳ ƭŜǎǎ ƭƛƪŜ ŀ άƳŀǘƘǎ ŎƻǳǊǎŜέ ǘƘŀǘ ǎǘŀƴŘǎ ŀǇŀǊǘ ŦǊƻƳ ŜǾŜǊȅǘƘƛƴƎ ŜƭǎŜ ǘƘŜȅΩǊŜ ŘƻƛƴƎΤ ŀŦǘŜǊ 

ŀƭƭΣ ǿŜ ƪƴƻǿ ƛǘΩǎ ǇŜŘŀƎƻƎƛŎŀƭƭȅ ōŜǘǘŜǊ ǘƻ ŎƻƴƴŜŎǘ ƴŜǿ ƭŜŀrning with prior knowledge and expertise. 

We would also like to grind our own axe a little here: mathematics can be considered an arts or 
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humanities subject in itself, and its close connections with philosophy and cultural production testify 

ǘƻ ǘƘŀǘΦ ²ŜΩǾŜ included some contentious points that should spark debate. 

²Ŝ ǘƘŜƴ ƻǳǘƭƛƴŜ ǎƛȄ άǎŜǎǎƛƻƴǎέΦ ²ƘŜƴ ǿŜ Ǌǳƴ ǘƘŜ ŎƻǳǊǎŜ ǘƘŜǎŜ ŀǊŜ ǳǎǳŀƭƭȅ Ǌǳƴ ŀǎ ŘƛǎŎǊŜǘŜΣ ǘǿƻ-hour 

weekly lessons. We cover much of the same material in an extra-ƳǳǊŀƭ Ŏƭŀǎǎ άDŜƻƳŜǘǊȅ ¢ƘǊƻǳƎƘ 

DrawƛƴƎέ ƛƴ ǘǿƻ ƛƴǘŜƴǎƛǾŜ ŘŀȅǎΦ ¢ƘŜǊŜΩǎ ƳƻǊŜ ƘŜǊŜ ǘƘŀƴ ǿŜ ŜǾŜǊ ŎƻǾŜǊ ƛƴ ŀ ǎƛƴƎƭŜ ǇǊŜǎŜƴǘŀǘƛƻƴ ƛƴ 

ŜƛǘƘŜǊ ŦƻǊƳŀǘΣ ǎƻ ŎƘƻƛŎŜǎ Ƴǳǎǘ ōŜ ƳŀŘŜ ōŀǎŜŘ ƻƴ ǘƘŜ ǎǘǳŘŜƴǘǎΩ ŀƴŘ ǇǊŜǎŜƴǘŜǊǎΩ ǇǊƛƻǊƛǘƛŜǎΦ  

We end with an annotated bibliography and a list of online resources. 

This booklet and its sister, Perspective and the Geometry of Vision, were made possible by a 

generous grant from sigma, the network for excellence in mathematics and statistics support. 

www.sigma-network.ac.uk  

To the Student  
aŀǘƘŜƳŀǘƛŎǎ ƛǎƴΩǘ ǉǳƛǘŜ ƭƛƪŜ ŀƴȅ ƻǘƘŜǊ ǎǳōƧŜŎǘ ȅƻǳ Ƴŀȅ ƘŀǾŜ ǎǘǳŘƛŜŘ ōŜŦƻǊŜΦ ²ƘŀǘΩǎ ƳƻǊŜΣ ǎǘǳŘȅƛƴg 

this kind of maths probably ƛǎƴΩǘ ƎƻƛƴƎ ǘƻ ōŜ ǎƛƳƛƭŀǊ ǘƻ ǘƘŜ ŜȄǇŜǊƛŜƴŎŜ ȅƻǳ Ƴŀȅ ƘŀǾŜ ƘŀŘ ǿƛǘƘ ǘƘŜ 

subject at school. A short course is, we hope, just the beginning of a long-term process of absorbing, 

struggling with and thinking about mathematical ideas. Like Sophie Germain, a self-taught French 

mathematician, you may have to do much of this on your own. Part of what a course like this can do 

is equip you, at least a little bit, for that journey. 

Studying maths at school is mostly about learning to pass a sequence of standardised tests as part of 

a process of social initiation. Most mathematicians will admit that some useful skills are acquired in 

ǘƘŜ ǇǊƻŎŜǎǎΣ ōǳǘ Ƴŀƴȅ ǿƛƭƭ ŀƭǎƻ ǎǘǊŜǎǎ ǘƘŀǘ ǘƘŜ ǎǳōƧŜŎǘ ŀǎ ƛǘΩǎ ǇǊŜǎŜƴǘŜŘ ƛƴ ǎŎƘƻƻƭ ōŜŀǊǎ ǾŜǊȅ ƭƛǘǘƭŜ 

resemblance to what excites them, or to what they do all day. Some very successful mathematicians 

ǿŜǊŜƴΩǘ ƎƻƻŘ ŀǘ ǘƘŜ ǎǳōƧŜŎǘ ŀǘ ǎŎƘƻƻƭΦ hŦǘŜƴ ǘƘŜǊŜΩǎ ŀ ǎǘƻǊȅ ŀōƻǳǘ ŀƴ ƛƴǎǇƛǊƛƴƎ ǘŜŀŎƘŜǊ ƻǊ ōƻƻƪ ǘƘŀǘ 

led the young student down an alternative path and gave them an ƛƴǎƛƎƘǘ ƛƴǘƻ ǘƘŜ άƎƻƻŘ ǎǘǳŦŦέ ǘƘŀǘ 

Ƴƻǎǘ ǘŜŀŎƘŜǊǎ ŀǊŜƴΩǘ ǊŜŀƭƭȅ ǎǳǇǇƻǎŜŘ ǘƻ ǎǇŜƴŘ ǘƘŜ ŎƭŀǎǎΩǎ ǘƛƳŜ ƻƴΦ Euclidean geometry can be this 

άƎƻƻŘ ǎǘǳŦŦέ ƛŦ ƛǘ ǎǘǊƛƪŜǎ ȅƻǳ ƛƴ ǘƘŜ ǊƛƎƘǘ ǿŀȅ ŀǘ ǘƘŜ ǊƛƎƘǘ ƳƻƳŜƴǘΦ 

aŀǘƘǎ ƛǎ ŀ ǾŜǊȅ ƻŘŘ ŀŎǘƛǾƛǘȅΦ IŜǊŜΩǎ Ƙƻǿ !ƴŘǊŜǿ ²ƛƭŜǎΣ ǿƘƻ ǇǊƻǾŜŘ CŜǊƳŀǘΩǎ [ŀǎǘ ¢ƘŜƻǊŜƳΣ 

described the process: 

Perhaps I can best describe my experience of doing mathematics in terms of a journey 

ǘƘǊƻǳƎƘ ŀ ŘŀǊƪ ǳƴŜȄǇƭƻǊŜŘ ƳŀƴǎƛƻƴΦ ¸ƻǳ ŜƴǘŜǊ ǘƘŜ ŦƛǊǎǘ ǊƻƻƳ ƻŦ ǘƘŜ Ƴŀƴǎƛƻƴ ŀƴŘ ƛǘΩǎ 

completely dark. You stumble around bumping into the furniture, but gradually you 

learn where each piece of furniture is. Finally after six months or so, you find the light 

ǎǿƛǘŎƘΣ ȅƻǳ ǘǳǊƴ ƛǘ ƻƴΣ ŀƴŘ ǎǳŘŘŜƴƭȅ ƛǘΩǎ ŀƭƭ ƛƭƭǳƳƛƴŀǘŜŘΦ ¸ƻǳ Ŏŀƴ ǎŜŜ ŜȄŀŎǘƭȅ ǿƘŜǊŜ ȅƻǳ 

were. Then you move into the next room and spend another six months in the dark. 

{ƻ ŜŀŎƘ ƻŦ ǘƘŜǎŜ ōǊŜŀƪǘƘǊƻǳƎƘǎΣ ǿƘƛƭŜ ǎƻƳŜǘƛƳŜǎ ǘƘŜȅΩǊŜ ƳƻƳŜƴǘŀǊȅΣ ǎƻƳŜǘƛƳŜǎ 

over a period of a day or two, they are the culmination ofτŀƴŘ ŎƻǳƭŘƴΩǘ ŜȄƛǎǘ 

withoutτthe many months of stumbling around in the dark that precede them. 

(Quoted in William Byers, How Mathematicians Think, p. 1, and in many other places.) 

file:///C:/Andrew%20files/2014%20teaching/sigma/resources/Euclidean%20July%202015/www.sigma-network.ac.uk
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The key thing is that the experience Wiles is describing is that Ƴƻǎǘ ƻŦ ǘƘŜ ǘƛƳŜ ȅƻǳΩǊŜ ŎƻƴŦǳǎŜŘ ŀƴŘ 

lost. If it feels that way for him, you can expect it to feel that way for you too. Although the maths 

ƘŜΩǎ ǘŀƭƪƛƴƎ ŀōƻǳǘ ƛǎ ǾŜǊȅ ƘƛƎƘ-powered, the process really does feel like that for most of us, at least 

ǿƘŜƴ ǿŜΩǊŜ ŘƻƛƴƎ ƛǘ ǊƛƎƘǘΣ ŜǾŜƴ ǿƘŜƴ ǿŜΩǊŜ ǘǊȅƛƴƎ ǘƻ ƭŜŀǊƴ ǎƻƳŜǘƘƛƴƎ ²ƛƭŜǎ Ŏŀƴ Řƻ ƛƴ his sleep. 

5ƻƴΩǘ ōŜ ƳƛǎƭŜŘ ōȅ ǿŜƭƭ-meaning people who say learning maths is a linear process that must 

proceed in tiny steps, in a prescribed order, mastering each one before moving onto the next. On 

the contrary, we blunder around, confused, reading things out of sequence and going repeatedly 

ōŀŎƪ ǘƻ ǘƘŜƳΣ ǎƭƻǿƭȅ ŦƻǊƳƛƴƎ ŀ ǇƛŎǘǳǊŜ ƻŦ ǿƘŀǘΩǎ ƎƻƛƴƎ ƻƴ ŀƴŘ Ƙƻǿ ƛǘ ŎƻƴƴŜŎǘǎ ǘƻ ƻǘƘŜǊ ǘƘƛƴƎǎ ǿŜ 

know. We try things ς whenever we can at Central Saint Martins, we make or draw things! ς and 

gradually the fog of confusion clears, until the thing that once seemed impossible to understand 

ōŜŎƻƳŜǎ ǎƻ ƻōǾƛƻǳǎ ǿŜΩǾŜ ŦƻǊƎƻǘǘŜƴ ƛǘ ǿŀǎ ŜǾŜǊ ŘƛŦŦƛŎǳƭǘΦ 

To the Teacher  
¢ƘŜ ŀŘƧŜŎǘƛǾŜ ά9ǳŎƭƛŘŜŀƴέ ƛǎ ǎǳǇǇƻǎŜŘ ǘƻ ŎƻƴƧǳǊŜ ǳǇ ŀƴ ŀǘǘƛǘǳŘŜ ƻǊ ƻǳǘƭƻƻƪ ǊŀǘƘŜǊ ǘƘŀƴ ŀƴȅǘƘƛƴƎ 

more specific: the course is not a course on the Elements but a wide-ranging and (we hope) 

interesting introduction to a selection of topics in synthetic plane geometry, with the construction of 

the regular pentagon taken as our culminating problem. 

We like to teach this material, as far as possible, through practical drawing, on the principle that a 

construction can be a perfectly good proof ƛƴ ƛǘǎŜƭŦΦ Lǘ ƛǎƴΩǘ ǳǎǳŀƭƭȅ ƴŜŎŜǎǎŀǊȅ ǘƻ ǎǳǇǇƭŜƳŜƴǘ ǘƘƛǎ ōȅ 

running through the same proof symbolically unless some students find it helps them understood 

ǿƘŀǘ ǘƘŜȅΩǾŜ ōŜŜƴ ŘƻƛƴƎΦ ¢ƘŜǊŜ ŀǊŜ ŀ ŦŜǿ ǇǊƻƻŦǎΣ ǎǳŎƘ ŀǎ ¢ƘŀƭŜǎΩ ¢ƘŜƻǊŜƳΣ ǘƘŀǘ ǿŜ Řƻ άƻƴ ǘƘŜ 

ōƻŀǊŘέ ōǳǘ ǿŜ ǎǘǊŜǎǎ ǘƘŀǘ ƛƴ ǘƘŜǎŜ ŎŀǎŜǎ that following the details of the proof is optional.  

Obviously, drawing and making are fun and can be hilariously difficult, which is all to the good. When 

we say that students should figure something out for themselves, we almost always take this to 

mean working collaboratively in pairs or in whatever ad hoc groupings they like; occasionally a 

ǎǘǳŘŜƴǘ ǇǊŜŦŜǊǎ ǘƻ ǿƻǊƪ ŀƭƻƴŜΣ ŀƴŘ ǘƘŀǘΩǎ ǳǎǳŀƭƭȅ hY ǘƻƻΦ ¢ƘŜ ƳƛŘŘƭŜ ǘǿƻ ǎŜǎǎƛƻƴǎ ŀǊŜ ŘŜƭƛōŜǊŀǘŜƭȅ 

άƭƛƎƘǘŜǊέ ŀƴŘ ƎƛǾŜ ǎǘǳŘŜƴǘǎ ŀ ŎƘŀƴŎŜ ǘƻ ƎŜǘ ǳǎŜŘ ǘƻ ǘƘŜ ōŀǎƛŎ ŎƻƴǎǘǊǳŎǘƛƻƴǎΦ  

This requires some emphasis up-front on what a construction is and how it differs from, for example, 

ŀ ǊŜǇǊŜǎŜƴǘŀǘƛǾŜ ŘǊŀǿƛƴƎ ƻǊ ŀ ŘƛŀƎǊŀƳΦ LǘΩǎ ŀ ƎƻƻŘ ƛŘŜŀ ǘƻ ƘŀǾŜ ǎǘǳŘŜƴǘǎ ŜȄǇƭŀƛƴ ǘƘŜ ǎǘŜǇǎ ƛƴ ǘƘŜƛǊ 

construction when a particular problem has been solved. Having one student give instructions, or 

explain their thinking, to another is often helpful.  

Arts and humanities students can be surprisingly challenging maths students. They often ask very 

awkward questions or develop misunderstandings that are unexpected and rather profound. This is 

ǿƘȅ ǿŜΩǾe taken time to explain some apparently simple matters in detail, especially in the early 

ǎŜǎǎƛƻƴǎΦ ¸ƻǳǊ ƳŀǘƘǎ ŀƴŘ ǇƘȅǎƛŎǎ ǎǘǳŘŜƴǘǎ ǇǊƻōŀōƭȅ ǿƻƴΩǘ ǿƻǊǊȅ ŀōƻǳǘ ǿƘŀǘ ŀ ŎƛǊŎƭŜ ƛǎ ƻǊ ǿƘŜǘƘŜǊ 

two lines truly intersect at a single point, but your arts and humanities students might. 

Toolkit  
The main activity in geometry class will be drawingΣ ǎƻ ǿŜ ƴŜŜŘ ǎƻƳŜ ŜǉǳƛǇƳŜƴǘΦ Lƴ ŦŀŎǘΣ ǿŜ ǿƻƴΩǘ 

ƴŜŜŘ ƳǳŎƘΥ Ƨǳǎǘ ŀ ŎƻƳǇŀǎǎΣ ŀ άǎǘǊŀƛƎƘǘŜŘƎŜέΣ ǎƻƳŜ ǇŜƴŎƛƭǎ ŀƴŘ ǎƻƳŜ ōƭŀƴƪ ǇŀǇŜǊΦ [ŀǊƎŜ ǇŀŘǎ ƻŦ 

paper are good ς we like to use A2 although that can be a bit unwieldy to carry around. You can get 
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started with any old school compass, a ruler, a pencil and a scrap of paper but a small investment in 

better tools makes the whole experience more pleasant. 

The compasses we use most often are Rotring Master Bow Compasses like the one pictured on the 

ƭŜŦǘΤ ǘƘŜȅΩǊŜ ǉǳƛǘŜ ŎƘŜŀǇ ŀƴŘ ǿƻǊƪ ǿŜƭƭ ŦƻǊ Ƴƻǎǘ ƧƻōǎΦ .ȅ ǎǇŜƴŘƛƴƎ ŀ ƭƛǘǘƭŜ ƳƻǊŜ ƻƴŜ Ŏŀƴ ƎŜǘ ǘƘŜ ƪƛƴŘ 

with an extension bar that allows for bigger circles ς helpful but not essentialΦ LǘΩǎ ǾŜǊȅ ǳǎeful to have 

a small compass for fiddly work, too. An attachment that will take a pen opens up some options for 

finishing a drawing or bringing out important elements; only the very bravest will attempt to use a 

bottle of ink and a ruling pen, though many compasses come with a suitable attachment. 

 

! άǎǘǊŀƛƎƘǘŜŘƎŜέ Ƨǳǎǘ ƳŜŀƴǎ ŀƴȅ ǘƻƻƭ ȅƻǳ Ŏŀƴ ǳǎŜ ǘƻ ƳŀƪŜ ŀ ǎǘǊŀƛƎƘǘ ƭƛƴŜΦ ¸ƻǳ Ƴŀȅ ŀǎ ǿŜƭƭ ǳǎŜ ŀ ǊǳƭŜǊΣ 

although we emphasise from the start that any markings on it (inches, centimetres and so on) are to 

be ignƻǊŜŘΦ ²Ŝ ƘŀǾŜƴΩǘ ŦƻǳƴŘ ŀƴ ŀŦŦƻǊŘŀōƭŜ ǎǳǇǇƭȅ ƻŦ Ǉƭŀƛƴ ƳŜǘŀƭ ǎǘǊƛǇǎ ǘƘŀǘ ŀǊŜ ǿŜƭƭ-made enough 

ǘƻ ǇǊƻǾƛŘŜ ŀ ƎƻƻŘ ŜŘƎŜΥ ƛŦ ǿŜ ŘƛŘ ǿŜΩŘ ƎƛǾŜ ǘƘƻǎŜ ƻǳǘ ŀǘ ǘƘŜ ǎǘŀǊǘ ƻŦ ǘƘŜ ŎƻǳǊǎŜΦ aŜǘŀƭ ƛǎ ƴƛŎŜ ǘƻ ǿƻǊƪ 

with but plastic can be helpful when you want to be able to see underneath it as you work. An 

ordinary 30cm (1 foot) one is absolutely fine, although occasionally a 50cm one comes in handy for 

bigger drawings. 

!ǎ ŦƻǊ ǇŜƴŎƛƭǎΣ ŎƻƴǎǘǊǳŎǘƛƻƴǎ ǿƻǊƪ ōŜǎǘ ǿƘŜƴ ǘƘŜȅΩǊŜ ǇǊŜŎƛǎŜ ǎƻ ǎƘŀǊǇƴŜǎǎ ƛǎ ǘƘŜ Ƴƻǎǘ ƛƳǇƻǊǘŀƴǘ 

quality. Since harder pencils take and hold a sharp point better, we recommend having to hand 

some hard-ish pencils (roughly 3H) and a sharpener. Any pencil, though, will do at a pinch and the 

common HB ones are fine.  

You do not need any of the other things you may ŦƛƴŘ ƛƴ ŀ άƎŜƻƳŜǘǊȅ ǎŜǘέΣ ǎǳŎƘ ŀǎ ǇǊƻǘǊŀŎǘƻǊǎ ŀƴŘ 

set squares and so on. Nor will you need a calculator. In fact, such things will be banned from the 

geometry classroom. Only the compass, straightedge, pencil and paper are allowed. 

On Geogebra 
Geogebra is a wonderful piece of free software that makes geometrical constructions quicker and 

easier. It can be downloaded here: https://www.geogebra.org/. This book is accompanied by some 

Geogebra files that can be helpfuƭ ŀǎ ŎƭŀǎǎǊƻƻƳ ŘŜƳƻƴǎǘǊŀǘƛƻƴǎ ƻǊ ǘƻ ŜȄǇŜǊƛƳŜƴǘ ǿƛǘƘ ƛŦ ȅƻǳΩǊŜ 

studying alone ς ǿŜΩǾŜ ǇǊƻǾƛŘŜŘ ǘƘŜƳ ŦƻǊ ŀƭƭ ǘƘŜ ŎƻƴǎǘǊǳŎǘƛƻƴǎ ƛƴ ǘƘŜ ŦƛǊǎǘ ǘǿƻ ǎŜǎǎƛƻƴǎ ŀƴŘ ǘƘŜ 

important or complicated ones in later sessions.  

https://www.geogebra.org/
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We would always recommend using the latest version, but if using an older one it should be at least 

version 5. IǘΩǎ ǇƻǎǎƛōƭŜ ǘƻ Ǌǳƴ ǘƘŜ DŜƻƎŜōǊŀ ǎƻŦǘǿŀǊŜ ŘƛǊŜŎǘƭȅ ŦǊƻƳ ŀ ¦{. ǎǘƛŎƪ ǿƛǘƘƻǳǘ ƘŀǾƛƴƎ ǘƻ 

install it on the computer, which can be convenient in some settings. 

The main files we have created are named after each construction: for example, Construction 1.02 is 

found in the file Construction-1.02.ggb. When you first open it you should see the Construction 

Protocol window, as shown on the right of this screenshot: 

 

Notice in particular the buttons at the bottom of the Construction Protocol; these allow you to go 

back to the start of the construction and then move through it step by step. The caption for each line 

gives a brief explanation of what to do and should tally with the relevant text in this document. If a 

caption is only partially displayed, you can adjust the size of the Construction Protocol window until 

all the relevant text appears.  

When first working through a construction we recommend clicking the button to go back to the 

start, then the button to go through the steps one by one. This works best if you have your 

drawing kit on hand and can imitate each step on paper as you go. If you cannot see the buttons, 

this may be because you have an earlier version of Geogebra and need to replace it with a more 

recent version. 

Our files use the following conventions: 

¶ Green ƻōƧŜŎǘǎ ŀǊŜ άƎƛǾŜƴέ ŀǘ ǘƘŜ ǎǘŀǊǘ ƻŦ ǘƘŜ ŎƻƴǎǘǊǳŎǘƛƻƴΦ ¢ƘŜȅΩǊŜ ǘƘŜ ǎƛǘǳŀǘƛƻƴ ǿŜΩǊŜ 

presented with before we begin, the problem to be solved. 

¶ Red ƻōƧŜŎǘǎ ŀǊŜ ǘƘŜ άŦƛƴŀƭέ ǊŜǎǳƭǘ ƻŦ ǘƘŜ ŎƻƴǎǘǊǳŎǘƛƻƴΦ ¢ƘŜ ǊŜŘ ŀƴŘ ƎǊŜŜƴ ƻōƧŜŎǘǎ ǘƻƎŜǘƘŜǊ ŀǊŜ 

the solution to the problem. 

If you need more hints you can see every step in the construction by choosing not to 'Show only 

Breakpoints' in the Construction Protocol window. These are not annotated though. 
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Some caveats are in order. 

First, to the student: making your own Geogebra resources is far ōŜǘǘŜǊ ǘƘŀƴ ǳǎƛƴƎ ǎƻƳŜƻƴŜ ŜƭǎŜΩǎΦ 

An afternoon spent trying to get a construction to work, though it may be frustrating to the point of 

tears and strong language, and though you might not even succeed in the end, is more educational 

ǘƘŀƴ ŀƴȅǘƘƛƴƎ ŀ ǘŜŀŎƘŜǊ Ŏŀƴ ǎŀȅ ǘƻ ȅƻǳΦ LŦ ȅƻǳ ŘƻǿƴƭƻŀŘ ƻǳǊ ǊŜǎƻǳǊŎŜǎΣ ȅƻǳΩƭƭ ƘŀǾŜ ǘƘŜƳ ƛƴ ǘǿƻ 

minutes and probably play with them for five or ten, which is not the same thing at all. 

Second, also to the student: there is value in physical construction on paper, too. Geogebra can 

make the construction process feel abstract and indirect. Especially at the beginning you must 

develop the habit of askƛƴƎ ǿƘȅ ŀƴŘ Ƙƻǿ ǿƘŀǘ ȅƻǳΩǊŜ ŘƻƛƴƎ ǿƻǊƪǎΦ ¢Ƙƛǎ ƛǎ ŜŀǎƛŜǊ ǿƘŜƴ ȅƻǳΩǊŜ ǳǎƛƴƎ 

ǘƻƻƭǎ ǘƘŀǘ ŀǊŜ ƳŜŎƘŀƴƛŎŀƭƭȅ ǎƛƳǇƭŜΥ DŜƻƎŜōǊŀ ƛǎ ŀ ŎƻƳǇƭƛŎŀǘŜŘ ǘƻƻƭ ŀƴŘ ƛǘΩǎ ƴƻǘ ŀƭǿŀȅǎ ǇƻǎǎƛōƭŜ ǘƻ 

understand exactly why it does what it does. 

Third, again to the student: many of the figures shown in this booklet are complicated-looking. If you 

ǳƴŘŜǊǎǘŀƴŘ ǘƘŜ ǎǘŜǇǎ ǘƻ ǇǊƻŘǳŎŜ ǘƘŜƳΣ ƘƻǿŜǾŜǊΣ ǘƘŜȅΩǊŜ ǳǎǳŀƭƭȅ ƴƻǘ ǾŜǊȅ ŘƛŦŦƛŎǳƭǘ ǘƻ ƳŀƪŜΦ ²ŜΩǾŜ 

ƭŜŦǘ ƛƴ ŀƭƭ ǘƘŜ ŎƻƴǎǘǊǳŎǘƛƻƴ ƭƛƴŜǎ ǎƻ ȅƻǳ ŘƻƴΩǘ ŦŜŜƭ ǘƘŀǘ ȅƻǳǊ ŜƴŘ ǊŜǎǳƭǘ ǎƘƻǳƭŘ ōŜ ǇǊƛǎǘƛƴŜ ƭike the 

illustrations in most textbooks, but if in doubt focus on the coloured lines. Those are usually the 

main points of interest. 

CƛƴŀƭƭȅΣ ǘƻ ǘƘŜ ǘŜŀŎƘŜǊΥ ƻŦǘŜƴ ŜƴƻǳƎƘΣ ŘŜƳƻƴǎǘǊŀǘƛƴƎ ǎƻƳŜǘƘƛƴƎ ƻƴ ŀ ǿƘƛǘŜōƻŀǊŘ ƛǎƴΩǘ ŀǎ ƎƻƻŘ ŀǎ 

getting your students to work it out for themselves. Showing them the same thing on a computer 

screen, which as far as anyone can tell works by magic, is even less helpful. You probably already 

know this, of course, and we appreciate there are plenty of times when a demonstration is the right 

way to go. 
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Background Material  

Outline  
¢ƘŜ ǿƻǊŘ άƎŜƻƳŜǘǊȅέ ƭƛǘŜǊŀƭƭȅ ƳŜŀƴǎ άƳŜŀǎǳǊŜƳŜƴǘ ƻŦ ǘƘŜ 9ŀǊǘƘέΦ LǘΩǎ ǎŀƛŘ ǘƘŀǘ ǘƘŜ ŜŀǊƭƛŜǎǘ 

ƎŜƻƳŜǘŜǊǎ ǿŜǊŜ ǎǳǊǾŜȅƻǊǎ ƛƴ 9ƎȅǇǘΤ ŜǾŜǊȅ ǘƛƳŜ ǘƘŜ bƛƭŜΩǎ ŦƭƻƻŘǿŀǘŜǊǎ ǊŜŎŜŘŜŘΣ ǘƘŜȅ ƘŀŘ ǘƻ Ǝƻ ƻǳǘ 

and re-establish property boundaries and so on in the same way they were before. They also, of 

course, constructed large buildings that required the precise laying-out of shapes like squares and 

ŎƛǊŎƭŜǎΣ ǎƻƳŜǘƘƛƴƎ ǘƘŀǘΩǎ ƴƻǘ Ŝŀǎȅ ǘƻ Řƻ ōȅ ŜȅŜΦ ²ƘŜǊŜǾŜǊ ǎǳŎƘ ǎǘǊǳŎǘǳǊŜǎ ǿŜǊŜ ōǳƛƭǘ ƛƴ ǘƘŜ ŀƴŎƛŜƴǘ 

world, in fact, some rough geometric know-Ƙƻǿ Ƴǳǎǘ ƘŀǾŜ ōŜŜƴ ƛƴ ŎƛǊŎǳƭŀǘƛƻƴΤ ǘƘŜǊŜΩǎ written 

evidence of practical geometric knowledge in the Hindu Sulba Sutras, which may date back as far as 

the 8th century BCE, and even earlier in Mesopotamia and Egypt.  

Euclid wrote the text known as the Elements around 300 BCE, probably summarising and 

synthesising most of what was known about geometry in the Greek-speaking world at the time. The 

book is important for two reasons: its contents, which are encyclopaedic, and its unusual method of 

presentation (to which we return in a moment). 

During the medieval period the Elements formed the foundation of mathematics education in both 

Christian and Islamic worlds and its techniques were indispensable to a variety of craftsmen and 

artisans. A series of Arabic translations appeared during the eighth, ninth and tenth centuries. Arabic 

thinkers such as ibn al-Haytham (c965-c1040) and Omar Khayyam (1038-1141) examined 9ǳŎƭƛŘΩǎ 

parallel postulate; this work was continued by Nasir al-Din al-Tusi (1201-1274). In the early twelfth 

century the English scholar Abelard of Bath had made the first translation of the Elements into Latin 

from an Arabic source, and later in the same century notable translations from the Arabic were 

made by Hermann of Carinthia and Gerard of Cremona. It was not until 1505 that Bartolomeo 

Zamberti produced the first Latin translation from the original Greek.  

A number of (usually partial) vernacular translations suddenly appeared in the second half of the 

sixteenth century. TartŀƎƭƛŀΩǎ Lǘŀƭƛŀƴ ǾŜǊǎƛƻƴ όф ōƻƻƪǎύ ŀǇǇŜŀǊŜŘ ƛƴ мрпоΤ CƻǊŎŀŘŜƭΩǎ CǊŜƴŎƘ ƛƴ мрсс όф 

books); IŜƴǊȅ .ƛƭƭƛƴƎǎƭŜȅΩǎ 9nglish (13 books) in 1571; /ŀƳƻǊŀƴƻΩǎ {ǇŀƴƛǎƘ όс ōƻƻƪǎύ ƛƴ мртсΤ 5ƻǳΩǎ 

Dutch version in 1606. Wilhelm Holtzmann made a German approximation of the first six books in 

1562, but his version is more of a textbook for merchants than a scholarly translation, with only the 

more useful results presented and omitting many proofs. Some of these translations rested heavily 

on existing Latin editions; it is said that Tartaglia made his without any reference to the Greek 

original at all. 

This follows a general trend of the time for the translation of ancient works into regional languages 

rather than Latin. The central importance of the Elements in almost all educational systems 

remained throughout this period and well into the nineteenth century, and until the early 1600s new 

discoveries were rare; Euclid and his contemporaries were taken to have solved most of the 

important problems. 

In parallel with this is a fascinating story too tangential to be told here: that of the flourishing of 

algebra, especially in Italy. The great innovation of the seventeenth century was analytic geometry, 

which enabled those algebraic techniques to be brought to bear on classical problems.  
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In a sense the story of geometry from that time to today could be summarized by a famous quote 

due to Sophie Germain (1776-муомύΥ ά!ƭƎŜōǊŀ ƛǎ ōǳǘ ǿǊƛǘǘŜƴ ƎŜƻƳŜǘǊȅΤ ƎŜƻƳŜǘǊȅ ƛǎ ōǳǘ ŘǊŀǿƴ 

ŀƭƎŜōǊŀέΦ hǳǊ ǇƻƭƛŎȅ ƻƴ ǘƘƛǎ ŎƻǳǊǎŜ ƛǎ ǘƻ ŀǾƻƛŘ ǎȅƳōƻƭƛŎ ƳŀƴƛǇǳƭŀǘƛƻƴǎ ǿƘŜǊŜǾŜǊ ǇƻǎǎƛōƭŜΣ ōǳǘ ǿŜΩƭƭ 

catch some glimpses of this way of looking at things as we go along. Germain, incidentally, was a 

mathematical autodidact with no formal training, although she did manage to find some excellent 

mentors. 

The Importance of Method  
¢ƘŜ ŀǊƎǳƳŜƴǘǎ ƻŦ 9ǳŎƭƛŘΩǎ Elements commence from ŦƛǾŜ άǇƻǎǘǳƭŀǘŜǎέ όŀȄƛƻƳǎύΣ ŦƛǾŜ άŎƻƳƳƻƴ 

ƴƻǘƛƻƴǎέ ŀƴŘ ǘǿŜƴǘȅ ǘƘǊŜŜ άŘŜŦƛƴƛǘƛƻƴǎέ όǎƻƳŜ ƻŦ ǿƘƛŎƘ ŀǊŜ ōŀǊŜ ǎǘŀǘŜƳŜƴǘǎ ƻŦ ƳŜŀƴƛƴƎΣ ƭƛƪŜ ǘƘŜ 

definition of a point, and others of which are quite complex, such as the definition of a circle).  

In a fine art context we might think of them as the constraints within which we choose to work. The 

theory of Euclidean geometry is then the artwork produced by attempting to exhaust the potential 

of these constraints. This, though, is a very modern take on things. 

The common notions are more like common standards of reasoning that can be used in constructing 

arguments. ¢ƘŜȅ ŀƭƭ ǎŜŜƪ ǘƻ ŎƭŜŀǊ ǳǇ ǇƻǎǎƛōƭŜ ŎƻƴŦǳǎƛƻƴ ŀōƻǳǘ ǘƘŀǘ άŜǉǳŀƭέ ƳŜŀƴǎΣ ŀƴŘ Ƴƻǎǘ ǇŜƻǇƭŜ 

seem to find them quite natural and obvious: 

¶ Common notion 1: Things which equal the same thing also equal one another. 

¶ Common notion 2: If equals are added to equals, then the wholes are equal. 

¶ Common notion 3: If equals are subtracted from equals, then the remainders are equal. 

¶ Common notion 4: Things which coincide with one another equal one another. 

¶ Common notion 5: The whole is greater than the part.  

The definitions are intended to clearly and succinctly capture some geometric object with which 

ǿŜΩǊŜ ŀƭǊŜŀŘȅ ŦŀƳƛƭƛŀǊ ς ǘƘŜǊŜ ŀǊŜ ǊŀǘƘŜǊ ŀ ƭƻǘ ǎƻ ǿŜ ŘƻƴΩǘ ƭƛǎǘ ǘƘŜƳ ƘŜǊŜΣ ōǳǘ ǿŜ Řƻ ƳŜƴǘƛƻƴ ŀ ŦŜǿ ƛƴ 

Session Three. The first two are: 'A point is that which has no part' and 'A line is breadthless length'.  

LŦ 9ǳŎƭƛŘΩǎ ŘŜŦƛƴƛǘƛƻƴǎ ƭƻƻƪ ǳƴǎŀǘƛǎŦŀŎǘƻǊȅΣ ǊŜƳŜƳōŜǊ ƛǘ ƛǎƴΩǘ ǇƻǎǎƛōƭŜ ǘƻ ŘŜŦƛƴŜ ŜǾŜǊȅǘƘƛƴƎ ŦǊƻƳ ŦƛǊǎǘ 

ǇǊƛƴŎƛǇƭŜǎΦ ¢ƘŜȅ ǿƻǳƭŘƴΩǘ ƘŜƭǇ ƳǳŎƘ ƛŦ ȅƻǳ ƎŜƴǳƛƴŜƭȅ ƘŀŘ ƴƻ ƛŘŜŀ ǿƘŀǘ ŀ άǇƻƛƴǘέ ƻǊ ŀ άlineέ ǿŜǊŜΣ 

ōǳǘ ǘƘŜƴ ǿƘŀǘ ȅƻǳΩŘ need would be a lot more than a one-ƭƛƴŜ ŘŜŦƛƴƛǘƛƻƴΦ LŦ ȅƻǳ ŀǎƪ ά²Ƙŀǘ ƛǎ ŀ 

ǇƻƛƴǘΚέ ǎŜǊƛƻǳǎƭȅΣ ȅƻǳΩǊŜ ŀǎƪƛƴƎ ŀ ǇƘƛƭƻǎƻǇƘƛŎŀƭ ǉǳŜǎǘƛƻƴ ǊŀǘƘŜǊ ǘƘŀƴ ŀ ƳŀǘƘŜƳŀǘƛŎŀƭ ƻƴŜΦ LǘΩǎ ǾŜǊȅ 

ŘƛŦŦŜǊŜƴǘ ǘƻ ŀǎƪ ά²Ƙŀǘ Řƻ ȅƻǳ ƳŜŀƴ ōȅ ǘƘŜ ǘŜǊƳ ΨǇƻƛƴǘΩ ƛƴ ǘƘƛǎ ǘŜȄǘΚέΣ ƎƛǾŜƴ ǘƘŀt we both already 

understand what a point actually is.  

The postulates are statements about those objects that are claimed to be true without justification. 

They are the starting-Ǉƻƛƴǘǎ ƻǊ άǊǳƭŜǎ ƻŦ ǘƘŜ ƎŀƳŜέΣ ŀƴŘ ƛƴ ŦŀŎǘ ǘƘŜ ŦƛǊǎǘ ǘƘǊŜŜ ƭƛǘŜǊŀƭƭȅ ŘŜǎŎǊƛōŜ the 

basic operations of our straightedge and compass.  Here are the five postulates; we will have a little 

more to say about the fifth and most complicated-looking in Session Two: 

¶ Postulate 1: To draw a straight line from any point to any point. 

¶ Postulate 2: To produce a finite straight line continuously in a straight line. 

¶ Postulate 3: To describe a circle with any centre and radius. 

¶ Postulate 4: That all right angles equal one another. 
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¶ Postulate 5: That, if a straight line falling on two straight lines makes the interior angles on 

the same side less than two right angles, the two straight lines, if produced indefinitely, 

meet on that side on which are the angles less than the two right angles.  

The following is a visual reminder of the five postulates (the fact that there are two images for the 

fifth postulate will be clarified in Session Two): 

 

(Image from Wikipedia) 

Taken together, these common notions, definitions and postulates ŀƴǎǿŜǊ ǘƘŜ ǉǳŜǎǘƛƻƴΥ ά²ƘŜǊŜ Řƻ 

ǿŜ ǎǘŀǊǘΚέ ²Ŝ ƭƛƪŜ ǘƻ ǇǊƻǾƛŘŜ ǇǊƛƴǘŜŘ ƭƛǎǘǎ ƻŦ ǘƘŜǎŜ ǎƻ ǘƘŀǘ ƛǘΩǎ ŎƭŜŀǊ ǘƘŀǘ ǘƘŜǊŜ ŀǊŜƴΩǘ ǾŜǊȅ Ƴŀƴȅ ƻŦ 

ǘƘŜƳ ŀƴŘ Ƴƻǎǘ ƻŦ ǘƘŜƳ ŀǊŜƴΩǘ ǾŜǊȅ ŎƻƳǇƭƛŎŀǘŜŘ (though a few are weird-looking)Φ ²ŜΩƭƭ ƘŀǾŜ ŎŀǳǎŜ 

to refer to them occasionally, although ǿŜ ŘƻƴΩǘ ǇǊƻŎŜŜŘ ǎǘǊƛŎǘƭȅ ŀȄƛƻƳŀǘƛŎŀƭƭȅ. 

The rest of the Elements consists mostly of propositions and theorems and their accompanying 

proofs and constructions. Each proposition is a geometrical statement, and its proof is supposed to 

depend only on these initial definitions, postulates and common notions. Actually, most of the 

propositions and theorems look ƳƻǊŜ ƭƛƪŜ ŎƘŀƭƭŜƴƎŜǎΥ ŦƻǊ ŜȄŀƳǇƭŜΣ ǘƘŜ ǾŜǊȅ ŦƛǊǎǘ ƻƴŜ ƛǎ ά¢ƻ ŎƻƴǎǘǊǳŎǘ 

ŀƴ ŜǉǳƛƭŀǘŜǊŀƭ ǘǊƛŀƴƎƭŜ ƻƴ ŀ ƎƛǾŜƴ ǎǘǊŀƛƎƘǘ ƭƛƴŜέΦ ¢ƘŜ ǇǊoof is then a careful, step-by-step set of 

instructions for making a drawing that answers the challenge. We do this in Session One.  

As the book goes on, each proof can also lean on a growing repertoire of previously-proved 

propositions. This manner of presentation is still used in maths textbooks today, starting at 

https://commons.wikimedia.org/wiki/File:Euclid%27s_postulates.png
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undergraduate level, and the structure of axiom-theorem-proof is important in formal logic, too. 

This argumentative style seems to guarantee the validity of its conclusions: it lays its steps out for all 

to see and check. If we grant the starting-pointsΣ ƛǘ ǎŜŜƳǎ ǿŜΩǊŜ ŦƻǊŎŜŘ ōȅ ǘƘŜ ǇǊƻƻŦǎ ǘƻ ƎǊŀƴǘ ǘƘŜ 

theorems, too.  

In the West, the method of Euclid came into especially sharp focus in the decades around 1600, at 

the same time as philosophers like Francis Bacon (1561-1626) and René Descartes (1596-1650) 

began to think about the nature of knowledge in a new way. How do we get new knowledge, and 

Ƙƻǿ Řƻ ǿŜ ŀǎǎŜǎǎ ǿƘŜǘƘŜǊ ƛǘΩǎ ǘƘe real thing or not? This question arises from doubt, uncertainty, 

perhaps even anxiety. Questions about the legitimacy of knowledge had appeared on and off for 

centuries and are not an innovation in the 1600s, but they receive a new pointedness in that 

context. This will be clearest to students who know about the rise of what we would now call 

sciences and pseudo-sciences at the time, or who are familiar with the contemporaneous (but 

largely unrelated) upheavals in the Christian church arising from the Reformation. 

Today Descartes is mostly remembered for two things: in mathematics, the invention of analytic 

geometry, and in philosophy the Discourse on Method and the MeditationsΦ 9ǳŎƭƛŘΩǎ ƎŜƻƳŜǘǊȅ 

looked to Descartes and his contemporaries like a road map for certainty. Nobody doubted what it 

contained because it was laid out so plainly: if you understood, you could not doubt. Why could all 

knowledge not be like this, if it were discovered and set out carefully enough? This thought led to 

many attempts to coǇȅ 9ǳŎƭƛŘΩǎ ƳŜǘƘƻŘ ƛƴ ƻǘƘŜǊ ŦƛŜƭŘǎΦ  ¢ƘƻǳƎƘ ƛƴŦƭǳŜƴǘƛŀƭ ŀƴŘ ƻŦǘŜƴ ƛƴǘŜǊŜǎǘƛƴƎΣ 

these were not entirely successful. Perhaps mathematics is a special subject that needs its own 

methods? 

As it turns out, the Elements contains a number of examples of dubious or incomplete reasoning ς 

the first appears in Proposition 1 ς and Bertrand Russell (1872-1970) was particularly scathing about 

those who claimed it as an example of perfect rationality. In his Foundations of Geometry, David 

Hilbert (1862-1943) replaced EucƭƛŘΩǎ postulates, definitions and common notions with a new and 

more rigorous set of axioms. He was able, using the powerful new tools of formal logic, to fix these 

problems and to prove that if basic arithmetic contains no contradictions then nor does Euclidean 

geometryΦ ¢Ƙƛǎ ƛǎ ŀƴƻǘƘŜǊ ŦǊǳƛǘ ƻŦ ǘƘŜ ƛŘŜƴǘƛǘȅ ƻŦ ƎŜƻƳŜǘǊȅ ŀƴŘ ŀƭƎŜōǊŀ ǘƘŀǘ DŜǊƳŀƛƴΩǎ ǉǳƻǘŜ ƳŀƪŜǎ 

plain. Philosophy students with a course of logic under their belts may enjoy travelling a little further 

along this road. 
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First Session: Methods, Attitudes and Goals  

Summary  
The purpose of this session is to get students familiar with using the straightedge and compass, to 

ǳƴŘŜǊǎǘŀƴŘ ǿƘŀǘ ƛǘ ƳŜŀƴǎ ǘƻ άŘƻ ŀ ŎƻƴǎǘǊǳŎǘƛƻƴέ ŀƴŘ ǘƻ ƘŀǾŜ ƳŜǘ ŀƴŘ ǳƴŘŜǊǎǘƻƻŘ ǘƘŜ ŦƻƭƭƻǿƛƴƎ 

basic constructions: 

¶ Circle with given centre and radius 

¶ Perpendicular bisector 

¶ Angle bisector 

¶ The regular hexagon 

We therefore cover Propositions 1-3, 9 and 10 from Book 1 of the Elements and a few other topics. 

Our overriding aim is to get students used to doing constructions, and develop an initial 

ǳƴŘŜǊǎǘŀƴŘƛƴƎ ƻŦ ǿƘŀǘ ǘƘŜȅΩǊŜ ŀōƻǳǘΦ ²Ŝ ƭƛƪŜ ǘƻ ƛƴǘǊƻŘǳŎŜ ǘƘŜ ǎŜǎǎƛƻƴ ǿƛǘƘ ŀ ōǊƛŜŦ ƻǳǘƭƛƴŜ ƻŦ ǘƘŜ 

axiomatic approach and its importance (see Background Material). We find that the bisector is 

particularly challenging for students to master and repeated practice with the construction of 

perpendicular lines through given points is crucial; Session Two provides many opportunities for this.  

What i s a Construction? 
A construction is a drawing made by following a sequence of steps in accordance with our 

postulates. Each step is something simple that we can understand how to reproduce exactly. 

Because a construction is made of simple elements in a sequence, though, you can communicate it 

ǘƻ ǎƻƳŜƻƴŜ ŜƭǎŜ ŀƴŘ ƛŦ ǘƘŜȅ ŎŀǊǊȅ ƻǳǘ ǘƘŜ ǎǘŜǇǎ ŜȄŀŎǘƭȅ ǘƘŜȅΩƭƭ ƎŜǘ ǘƘŜ ǎŀƳŜ ǊŜǎǳƭǘ ȅƻǳ ŘƛŘΦ  

A construction is repeatable: if your steps are written out clearly, someone else can follow them and 

get exactly the same result you did, at least within a margin of error for the inaccuracies of our tools 

and hands. This is one reason why we like to ask a student who has a proposed solution to describe 

the steps to a fellow student one by one: this process tends to reveal any gaps or ambiguities in the 

solution. 

You can imagine how useful this was to ancient architects who wanted a team of builders to lay out, 

ǎŀȅΣ ŀ ƭŀǊƎŜ ƎǊƻǳƴŘ Ǉƭŀƴ ƛƴ ŀ ǇŜǊŦŜŎǘ ǎǉǳŀǊŜΦ LŦ ȅƻǳ ǘƘƛƴƪ ǘƘƛǎ ƛǎ Ŝŀǎȅ ǘƻ Řƻ ōȅ άŜȅŜōŀƭƭƛƴƎέ ƛǘΣ ŀǎ ȅƻǳ 

might sketch a small square on paper, you should try it some time.  

This means a construction needs to be made with a different kind of rigour and care from a freehand 

drawing. What you get in return is that the construction is a piece of mathematics all to itself: not 

that we can explain or describe it with maths, but it is ƳŀǘƘǎΦ Lƴ ƳŀƪƛƴƎ ŎƻƴǎǘǊǳŎǘƛƻƴǎ ǿŜΩǊŜ ŘƻƛƴƎ  

maths just as we are (in different ways) when we carry out a calculation. A construction is a proof: its 

steps form an argument. 

A bit of jargon of our ƻǿƴΥ ǿŜ ǳǎŜ άŎƻƴǎǘǊǳŎǘƛƻƴέ ǘƻ ƳŜŀƴ ŜƛǘƘŜǊ ǘƘŜ ǎǘŜǇǎ ǘŀƪŜƴ ǘƻ ŘǊŀǿ ǎƻƳŜǘƘƛƴƎ 

or the finished product if, at least to a trained eye, ǘƘŜ ǎǘŜǇǎ ŀǊŜ ƻōǾƛƻǳǎ ŦǊƻƳ ƛǘΦ ²Ŝ ǳǎŜ άŦƛƎǳǊŜέ ǘƻ 

mean any picture, including any construction, especially when we want to emphasise how the final 

result looks rather than the steps taken to get there. 
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A Note on Lines 
Euclidean geometry contains nothing infinitely large; all its objects can be drawn on an ordinary 

ǇƛŜŎŜ ƻŦ ǇŀǇŜǊΦ ²ƘŜƴ ƳƻŘŜǊƴ ƳŀǘƘŜƳŀǘƛŎƛŀƴǎ ǊŜŦŜǊ ǘƻ ŀ άƭƛƴŜέ ǘƘŜȅ often have in mind an infinitely 

ŜȄǘŜƴŘŜŘ ǎǘǊŀƛƎƘǘ ƭƛƴŜΣ ōǳǘ ǿŜΩƭƭ ƴŜǾŜǊ ƴŜŜŘ ǘƘƛǎ ŎƻƴŎŜǇǘΦ LƴǎǘŜŀŘ ǿŜ will work with άline segmentsέΥ 

finite straight lines whose end-points are clearly visible. In this image, for example, we can imagine 

the dotted line going on forever (or as far as we like, anyway) in both directions, and the red line 

segment is just a finite part of it: 

 

A line segment ƛǎ ŀ άōƛǘ ƻŦ ƭŜƴƎǘƘέ ƻǊ ŀ άōƛǘ ƻŦ ƻƴŜ-ŘƛƳŜƴǎƛƻƴŀƭ ǎǇŀŎŜέΣ ƛŦ ȅƻǳ ƭƛƪŜΣ ŀƭǘƘƻǳƎƘ ǿŜΩƭƭ 

never really measure length with any standard numerical units, such as centimetres or inches.  

9ǳŎƭƛŘ ŀƭƭƻǿǎ ǳǎ ǘƻ άǇǊƻŘǳŎŜέ ŀ line segment, which means to extend it by laying the straightedge 

ŀƭƻƴƎ ƛǘ ŀƴŘ ƳŀƪƛƴƎ ƛǘ ƭƻƴƎŜǊ ƛƴ ǘƘŜ ǎŀƳŜ ŘƛǊŜŎǘƛƻƴΦ hŦŦƛŎƛŀƭƭȅ ǿŜ ǿƻƴΩǘ ƴŜŜŘ ǘƻ Řƻ ǘƘƛǎ ǾŜǊȅ ƻften but 

you may find the technique useful in the middle of a construction when you discover a line segment 

ƛǎ ǎƘƻǊǘŜǊ ǘƘŀƴ ȅƻǳΩŘ ƭƛƪŜΦ This is OK because the line segment is really a part of an infinitely long line, 

ŀƴŘ ǿŜΩǊŜ Ƨǳǎǘ ŎƘƻƻǎƛƴƎ ǘƻ ƳŀƪŜ ƛǘ ŀ bigger part than it was before. 
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Copy a Line segment  and Draw a Circle  
Our first construction will solve the problem: Given a line segment, copy it, and then construct a 

circle with a radius of the same length as the line segment. You might be άƎƛǾŜƴέ one to work with 

by your teacher or you can draw a line segment of whatever length you like.  

For this first construction and many others there is no constraint on how you start. Our word 'given' 

ǿƛƭƭ ƻŦǘŜƴ ƛƴŘƛŎŀǘŜ ŀƴ ŀǊōƛǘǊŀǊȅ ǎǘŀǊǘƛƴƎ ǇƻƛƴǘΦ {ƻΣ ŦǊƻƳ ƴƻǿ ƻƴ ǿƘŜƴ ǿŜ ǎŀȅ άŀ given line segmentέ 

ǿŜ Ƨǳǎǘ ƳŜŀƴ ǘƘŜǊŜΩǎ ŀ line segment ƻƴ ǘƘŜ ǇŀƎŜΦ LǘΩǎ Ŧƛƴe to draw it yourself, but it might also be 

άƎƛǾŜƴέ ǘƻ ȅƻǳ ōȅ ŀ ǘŜŀŎƘŜǊΣ an examination question or the practical constraints of a real-life 

problem. 

 photos: Clunie Reid 

Now, the task is to draw a circle that has a radius of that same length. Drawing circles is the purpose 

of the compass. Some students may need to be reminded of the following definitions: 

¶ A circle is the set of points that are all the same distance from a special point, the centre, 

ǿƘƛŎƘ ƛǎƴΩǘ ƻƴ ǘƘŜ ŎƛǊŎƭŜ  

¶ The radius of a circle is the distance from the centre to any point on the circle. 

²ƛǘƘ ǘƘŜǎŜ ŘŜŦƛƴƛǘƛƻƴǎ ƛƴ ƘŀƴŘ ƛǘΩǎ ƴƻǘ ƘŀǊŘ ǘƻ ǎŜŜ Ƙƻǿ ŀ ŎƻƳǇŀǎǎ ƳŀƪŜǎ ŎƛǊŎƭŜǎΦ First we choose a 

ǊŀŘƛǳǎ ōȅ ǎŜǘǘƛƴƎ ǘƘŜ ŎƻƳǇŀǎǎΩǎ ƭŜƎǎ ŀ ŎŜǊǘŀƛƴ ŘƛǎǘŀƴŎŜ ŀǇŀǊǘ ς ŀƴŘΣ ǘƻ ǊŜƛǘŜǊŀǘŜΣ άŀ ŎŜǊǘŀƛƴ ŘƛǎǘŀƴŎŜέ 

just means qualitatively how far apart they are, independently of any system of measurement. Then 

we fix a centre for our circle by sticking the spike of the compass into the paper. This point remains 

fixed while we rotate the drawing tip - at the end of the other leg - around that fixed point. We can 

do these actions in the other order too: stick the spike, then set the radius. 

The circle can be drawn anywhere you like on the page. And you can make multiple copies of that 

same circle as long as you don't change the position of the legs between each circle. This means that 

the compass is also a device for measuring and storing lengths.  
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The compass is the only tool we use in this course that has a memory. This will be crucial to many of 

the constructions we do. By virtue of this memory capacity in the compass, we know by construction 

ǘƘŀǘ ǘƘŜ ŎƛǊŎƭŜΩǎ ǊŀŘƛǳǎ ƛǎ Ŝǉǳŀƭ ǘƻ ǘƘŜ ƎƛǾŜƴ ƭŜƴƎǘƘΦ 

Note, therefore, ǘƘŀǘ ǿƘŜƴ ǿŜ ǎŀȅ άǘƘŜǎŜ ǘǿƻ line segments have the same lengthέΣ ǿŜ ŘƻƴΩǘ ƳŜŀƴ 

the same length measured in centimetres or inches or whatever. We mean the line segments are 

congruent ƛƴ ǘƘŜ ǎŜƴǎŜ ǘƘŀǘ ǿŜ ŎƻǳƭŘ ƭŀȅ ǘƘŜƳ ƻƴ ǘƻǇ ƻŦ ŜŀŎƘ ƻǘƘŜǊ ŀƴŘ ǘƘŜȅΩŘ ōŜ ŀƴ ŜȄŀŎǘ ŦƛǘΣ 

without one jutting out beyond the other. This idea is drawn from our 'common notions' of 'the 

same as' or 'less than' or 'more than' (from one perspective, there is no concept of 'length' in Euclid 

only whether two line segments are equal or 'congruent').  

Instead of eyeballing it weΩƭƭ ǳǎŜ ǘƘŜ ŎƻƳǇŀǎǎ ǘƻ άǎǘƻǊŜέ ŀ line segment and copy it somewhere else; 

perhaps an unexpected use of a tool you might think is only good for drawing circles! 

This same technique enables us to copy a given line segment onto another line, as we now show. 

WŜΩǾŜ chosen to illustrate this one with photographs to avoid some of the ambiguity and 

awkwardness inherent in detailed written descriptions of physical movements; all future 

constructions are illustrated in Geogebra.  
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Construction 1. 01 

To draw a line segment of the same length as a given one.  

 

1. To start us off, a line segment is given.  
 
You can just draw any arbitrary line segment if 
ȅƻǳΩǊŜ ǿƻǊƪƛƴƎ ƻƴ ȅƻǳǊ ƻǿƴΦ 
 

 

2. Draw a second arbitrary line segment using a 
straightedge. 
 
¢ƘŜ ƭŜƴƎǘƘ ƛǎƴΩǘ ƛƳǇƻǊǘŀƴǘ ŀǎ ƭƻƴƎ ŀǎ ƛǘΩǎ 
definitely longer than the first line segment. 
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3. Put your compass spike at one end of the 
given line segment. 

 

4. Stretch the pencil point of the compass to 
touch the other end of the given line segment; 
ǘƘƛǎ άǎǘƻǊŜǎέ ǘƘŜ ƭŜƴƎǘƘ ƻŦ ǘƘŜ line segment in 
ȅƻǳǊ ŎƻƳǇŀǎǎΩǎ άƳŜƳƻǊȅέΦ 
 
Do not change the width of your compass for 
the rest of the construction ς otherwise this 
precious memory will be lost! 

 

5. Place your compass spike where you like 
along the line segment you drew in Step 2. 
 
LǘΩǎ ǿƛǎŜ ǘƻ Ǉǳǘ ƛǘ ŦŀƛǊƭȅ ƴŜŀǊ ƻƴŜ ŜƴŘ όȅƻǳΩƭƭ ǎŜŜ 
why shortly). 
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6. Find the point along the line segment where 
the drawing point of the compass intersects the 
line segment. You can draw a whole circle, the 
relevant arc of the circle or just place the 
drawing tip on the point you require. 

 

7. Put the compass spike in the mark you made 
in Step 6 and make a second mark where the 
compass spike was placed in Step 6. 
 
You have now constructed a new line segment 
ς the one that lies between the two marks ς 
which has the same length as the one you were 
άƎƛǾŜƴέΦ 

 

We can repeat this technique as many times as we like to construct a line segment that is a number 

of times longer than the one given. In Construction 1.02 we make a line segment three times longer 

than the one we were given. The first five steps are just a slightly briefer description of the seven-

step procedure just described above.  

As in future constructions, we show a picture of the finished figure and give a sequence of verbal 

instructions. These correspond to the steps in the Construction Protocol window in Geogebra, so 

refer to that if anything is unclear. Remember, the corresponding Geogebra file shares its name with 

the construction title below. 
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Construction 1. 02 

Given a line segment, to create a line segment three times its length. 

 

1. A line segment is given (shown in green). 

2. Draw a second arbitrary line segment using a straightedge (shown dashed). 

3. ά{ǘƻǊŜέ the length of the given (green) line segment using the compass.  

4. Place your compass spike anywhere you like along the second line segment. (The one you 

drew in Step 2.) 

5. Find the point along the line segment where the drawing point of the compass intersects the 

line segment. You can draw a whole circle, as Geogebra does, or just the parts that cross the 

line segment. You have now constructed a new line segment which has the same length as 

the one you were 'given'. 

6. Repeat the Step 5 twice more. Each time move your compass spike on to the intersection 

point just created to find the next intersection point.  

You have now constructed a new line segment which is three times as long as the one you were 

ΨgivenΩ. (The achieved construction will always be shown in red). This is an important practical 

technique and also the start of ŀ ǘƘŜƳŜ ǿŜΩƭƭ ǊŜǘǳǊƴ ǘƻ ǎŜǾŜǊŀƭ ǘƛƳŜǎΦ 
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Equilateral Triangle  
Having learnt the fundamental techniques of straightedge and compass constructions, Euclid's very 

first proposition is now open to us. It depends on the properties of the intersections we create. The 

problem is to construct a triangle whose three sides are all equal lengths ς an equilateral triangle ς 

given the length of one side in the form of a line segment on the page.  

Construction 1. 03 

To construct an equilateral triangle on a given line segment.  

 

1. A line segment is given.  

2. ά{ǘƻǊŜέ ǘƘŜ length of this line segment using the spike and drawing point of the compass. 

3. Keep the compass in place and trace out a circle. 

4. Without changing ƭŜƴƎǘƘ άǎǘƻǊŜŘέ ƛƴ the compass, reposition its spike at the other end of the 

given line segment and trace out a second circle. 

5. These two circles cross (intersect) at two points. Choose either of these intersection points 

to be the third corner of the triangle and join it to the ends of the given line segment to 

complete the figure. 

The corners of the triangle ς called vertices ς are the centres of the two circles and a point where 

the circles cross. Since each of the three sides of the triangle is a radius of circles with the same 

radius, each side is the same length.  

The key idea here ς used many times in future constructions ς is that any point where two equal-

sized ŎƛǊŎƭŜǎ ƛƴǘŜǊǎŜŎǘ ƛǎ ǘƘŜ ǎŀƳŜ ŘƛǎǘŀƴŎŜ ŦǊƻƳ ŜŀŎƘ ƻŦ ǘƘŜ ŎƛǊŎƭŜǎΩ ŎŜƴǘǊŜǎΦ Since the compass 

ǿŀǎƴΩǘ adjusted between drawing them these radii must all be the same length. In a sense the 

compass has already measured all the line segmentǎ ŀƴŘ ǇǊƻǾŜŘ ǘƘŜȅΩǊŜ ǘƘŜ ǎŀƳŜ ƭŜƴƎǘƘ ǿƘƛƭŜ ǘƘŜ 

figure was being drawn, since the line segments were all constructed without changing the compass 

at all.  

¢ƘŜǊŜΩǎ ƴƻ ƴŜŜŘ ǘƻ ǊŜǇŜŀǘ ǘƘƛǎ ǾŜǊƛŦƛŎŀǘƛƻƴ ŀŦǘŜǊǿŀǊŘǎ by measuring (which is error-prone anyway). If 

we understand how the triangle was constructed, and we believe it was done accurately, that on its 

own constitutes a proof that the sides are all the same length, at least within a margin of error for 

accuracy. If the construction were carried out with perfect accuracy, the side-lengths would be 
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exactly equal. Another way to put this is to say that any error can be reduced as much as we need by 

using better equipment and working more carefully. 

Notice that in Step 5 we did something new. We had two points and we joined them by drawing a 

straight line segment. This may not seem worthy of consideration, but notice that whenever we 

have two points, we can always do this with just one unique straight line segmentΦ ¸ƻǳ ŎŀƴΩǘ ŘǊŀǿ 

two different line segments that join the two points ς ƛŦ ȅƻǳ ǘǊȅΣ ǘƘŜȅΩƭƭ ƻǾŜǊƭŀǇ ŜȄŀŎǘƭȅ or at least one 

won't be straight. On the other hand, you ŎŀƴΩǘ Ǉǳǘ ǘǿƻ Řƻǘǎ ƻƴ ŀ ǇƛŜŎŜ ƻŦ ǇŀǇŜǊ ǘƘŀǘ cannot be 

joined by a single line segment. These facts will be used, silently, throughout our constructions in the 

future. 

 

Perpendicular Bisector  
Our next construction also depends on the properties inherent in the construction of the Equilateral 

triangle. It may appear simple but the ability to cut line segments in half - to bisect - will be 

fundamental to more complex constructions. It is important to master it thoroughly. It will return in 

a different context in Session 2. The polygon constructions later in the session give some more 

opportunities for practice. The problem: given a line segment, construct the point exactly in the 

middle of the line segment. The construction is almost exactly the same as the one for an equilateral 

triangle. 

Construction 1. 04 

To construct a line segment that divides a given line segment exactly in half. 

  

1. A line segment is given.  

2. ά{ǘƻǊŜέ ǘƘŜ ƭŜƴƎǘƘ ƻŦ ǘƘŜ line segment with the compass. 

3. Keep the compass in place and trace out a circle using the line segmentΩǎ length as the 

radius. 

4. Without changing the length stored by the compass, reposition its spike at the other end of 

the given line segment and trace out a second circle. 

5. The two circles constructed will have intersected at two points.  

6. Draw a line segment that connects these two new intersection points.  

7. Where this new line segment (red) crosses the given line segment (green) is the exact 

midpoint of the given line segment. 
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The symmetry of this construction - which produces two equilateral triangles with a shared side (the 

given line segment) - means that that line segment connecting the two constructed vertices (neither 

on the green line segment) must cut their shared side in half. 

The line segment that defines the midpoint hŀǎ ŀƴƻǘƘŜǊ ǾŜǊȅ ƛƳǇƻǊǘŀƴǘ ǇǊƻǇŜǊǘȅ ǘƘŀǘ ǿŜΩƭƭ ǎǇŜƴŘ 

ƳƻǊŜ ǘƛƳŜ ǿƛǘƘ ƛƴ ǘƘŜ ƴŜȄǘ ǎŜǎǎƛƻƴΥ ƛǘΩǎ perpendicular to the original given line segment. In more 

familiar geometrical jargon we say the line segments ŎǊƻǎǎ άŀǘ ŀ ǊƛƎƘǘ ŀƴƎƭŜέΣ ƭƛƪŜ ǘƘŜ ŎƻǊƴŜǊ ƻŦ ŀ 

square. The way Euclid says it is that the angles on either side are equal: the red line segment ƛǎƴΩǘ 

άƭŜŀƴƛƴƎέ ƛƴ ƻƴŜ ŘƛǊŜŎǘƛƻƴ ƻǊ ǘƘŜ ƻǘƘŜǊ ǊŜƭŀǘƛǾŜ ǘƻ ǘƘŜ ƎǊŜŜƴ line segment. The evident symmetry of 

the figure makes this claim at least plausible. 

Angle Bisector  
IŜǊŜ ǘƘŜ ǎŀƳŜ ǇǊƻǇŜǊǘƛŜǎ ƻŦ ƛƴǘŜǊǎŜŎǘƛƴƎ ŎƛǊŎƭŜǎ ŀǊŜ ǳǎŜŘ ǘƻ Ŏǳǘ ŀƴ ŀƴƎƭŜ ƛƴ ƘŀƭŦΦ ²Ŝ ǿƻƴΩǘ ƴŜŜŘ ǘƘƛǎ 

ŎƻƴǎǘǊǳŎǘƛƻƴ ƻŦǘŜƴ ōǳǘ ƛǘΩǎ Ŝŀǎȅ ǘƻ Řƻ ŀƴŘ ƛǎ ǎƻƳŜǘƛƳŜǎ ǳǎŜŦǳƭ όƛŦ Ŏƭŀǎǎ ǘƛƳŜ ƛǎ ǎƘƻǊǘ ǘƘƛǎ ƻƴŜ ŎƻǳƭŘ ōŜ 

skipped or assigned as homework). Note that just as a length is just given by a line segment, without 

units of measurement, so an angle is just two line segments crossing, without degrees or suchlike 

getting involved.  

Construction 1. 05 

To cut a given angle in half.  

 

1. We are given two line segments which meet at a point. Let us call this point A. 

2. Place the compass spike at A.  

3. Set the compass to any length shorter than or equal to the shortest of the two line 

segments. 

4. Trace out a circle that crosses both line segments to create two new intersections (call them 

B and C). 

5. Keeping the compass unchanged draw two new circles, one centred on B and one on C. 

6. These two new circles will intersect at A where our two given line segments met and at a 

second new point (call it D).  

7. Draw a new line segment that connects A to D.  

This new line segment (red) cuts the angle between the two given line segments (green) in half. 
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As with the previous construction we can use the symmetry of the figure ς guaranteed by its 

construction ς ǘƻ άǎŜŜέ ǘƘŀǘ ǘƘŜ ƻǊƛƎƛƴŀƭ ŀƴƎƭŜ Ƙŀǎ been divided into two equal ones. If we draw in 

two additional line segments (orange in the image below) we can see that, by construction, triangles 

!.5 ŀƴŘ !/5 ŀǊŜ ŎƻƴƎǊǳŜƴǘΤ ƛƴ ŦŀŎǘ ŜŀŎƘ ƛǎ ŀ άƳƛǊǊƻǊ ƛƳŀƎŜέ ƻŦ ǘƘŜ ƻǘƘŜǊ ŀƭƻƴƎ ǘƘŜ ǊŜŘ line segment. 

This symmetry means that AD cuts the original angle in halfΤ ƛŦ ƛǘ ŘƛŘƴΩǘΣ ǘƘŜ ǘǊƛŀƴƎƭŜǎ ǿƻǳƭŘƴΩǘ ƳŀǘŎƘ 

there when they were flipped over along the red line segment. 

  

The angle between two line segmentǎ Ŏŀƴ ōŜ ǘƘƻǳƎƘǘ ƻŦ ƛƴǘǳƛǘƛǾŜƭȅ ŀǎ ǘƘŜ ŀƳƻǳƴǘ ȅƻǳΩŘ ƘŀǾŜ ǘo turn 

one of the line segmentǎ ǘƻ ƎŜǘ ƛǘ ǘƻ Ǉƻƛƴǘ ŀƭƻƴƎ ǘƘŜ ǎŀƳŜ ŘƛǊŜŎǘƛƻƴ ŀǎ ǘƘŜ ƻǘƘŜǊ ƻƴŜΦ LǘΩǎ ŀ ōƛǘ ƳƻǊŜ 

ŎƻƳǇƭƛŎŀǘŜŘ ǘƘŀƴ ǘƘƛǎ όǘƘŜ ƛƴǘǳƛǘƛƻƴ ǿƻǊƪǎ ōŜǘǘŜǊ ǿƛǘƘ άƻǊƛŜƴǘŜŘέ line segments, which are more like 

ŀǊǊƻǿǎ ƻǊ άǾŜŎǘƻǊǎέύ ōǳǘ ƛǘΩǎ ƴƻǘ ŀ ǘŜǊǊƛōƭŜ ǿŀȅ ǘƻ ǘƘƛƴƪ ƻŦ ƛǘ ƛŦ ȅƻǳ ŘƻƴΩǘ ǇǳǎƘ ƛǘ ǘƻƻ ƘŀǊŘΦ Lƴ ǘƘŀǘ ŎŀǎŜΣ 

the angle bisector tells you how much you have to turn one line segment to get it halfway to 

pointing in the same direction as the other one. 

Angles Made By Lines 
We looked at angles made by two line segments that are joined at their ends, but we could also look 

at angles made by a pair of lines where they cross: 

 

When the lines cross they make a total of four angles. If we think about lines as something like 

άŘƛǊŜŎǘƛƻƴǎέ ŀƴŘ ŀƴƎƭŜǎ ŀǎ άǘǳǊƴƛƴƎǎέΣ ǿŜ Ŏŀƴ ǎŜŜ ǘƘŀǘ ǘƘŜ ƎǊŜŜƴ ŀƴŘ Ǉƛƴƪ ŀƴƎƭŜǎ Ƴǳǎǘ ōŜ ŜǉǳŀƭΦ 

Think about turning the green line until it lies on top of the red line, using the point where they cross 

as the pivot (like the hinge in a pair of scissors).  

If you turn the top part of the green line clockwise down through the green angle, the bottom part 

of the green line will inevitably rise through the pink angle. Similarly, if you push the top part of the 

green line anticlockwise through the dark blue angle, the lower part will sweep out the light blue 

(cyan) one. 

²ŜΩƭƭ ǎƘƻǿ ǘƘŀǘ ǘƘŜ ƎǊŜŜƴ ŀƴŘ Ǉƛƴƪ ŀƴƎƭŜǎ ŀǊŜ Ŝǉǳŀƭ ς the proof is just the same for the blue and 

cyan ones.  
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First, notice that the green and cyan angles must add up to half a turn, since if you turn the green 

line through both of them it ends up looking exactly the same, but with its top and bottom portions 

swapped over. 

Second, notice that the same goes for the cyan and pink angles; this time imagine turning the red 

ƭƛƴŜ ǘƘǊƻǳƎƘ ōƻǘƘ ƻŦ ǘƘŜƳΣ ŀƴŘ ƛǘΩƭƭ ŜƴŘ ǳǇ ƭƻƻƪƛƴƎ ŀǎ ƛǘ ŘƛŘ only with its left and right portions 

swapped. 

9ȄǇǊŜǎǎƛƴƎ ǘƘƛǎ ƛƴ ŀ ǎƻǊǘ ƻŦ άŀƭƎŜōǊŀέΣ ǿŜΩǾŜ ǎŀƛŘ ǘƘƛǎΥ 

 GREEN + CYAN = PINK + CYAN 

which implies that 

 GREEN = PINK 

as we hoped. 

 

The Regular Hexagon 
The equilateral triangle is an example of a regular polygon. For our purposes a polygon is a figure 

that is made by connecting (straight) line segments and which encloses an area: think of 

demarcating a piece of territory with straight sections ƻŦ ŦŜƴŎƛƴƎ ǘƘŀǘ ŘƻƴΩǘ Ŏǳǘ ŀŎǊƻǎǎ ŜŀŎƘ ƻǘƘŜǊΦ 

¢ǊƛŀƴƎƭŜǎΣ ǎǉǳŀǊŜǎ ŀƴŘ ƘŜȄŀƎƻƴǎ ŀǊŜ ŀƭƭ ǇƻƭȅƎƻƴǎΦ ! ŎƛǊŎƭŜ ƛǎƴΩǘ ōŜŎŀǳǎŜ ƛǘΩǎ ƴƻǘ ƳŀŘŜ ƻŦ ǎǘǊŀƛƎƘǘ line 

segments. The ƭŜǘǘŜǊ · ƛǎƴΩǘ ōŜŎŀǳǎŜ ƛǘ ŘƻŜǎƴΩǘ ŜƴŎƭƻǎŜ ŀƴ ŀǊŜŀΦ 

A regular polygon is one that meets two other criteria: 

¶ Its sides are all the same length, 

¶ The angles between its sides are all the same size. 

In order of how many sides they have, the first regular polygons are: equilateral triangle (3 sides), 

square (4 sides), pentagon (5 sides), hexagon (6 sides), heptagon (7 sides), octagon (8 sides) and so 

on.  

Which regular polygons can we construct with our straightedge and compassΚ LǘΩǎ ƴŀǘǳǊŀƭ ǘƻ ǎǳǇǇƻǎŜ 

ǿŜΩƭƭ ŜǾŜƴǘǳŀƭƭȅ ōŜ ŀōƭŜ ǘƻ ŎƻƴǎǘǊǳŎǘ ŀƭƭ ƻŦ ǘƘŜƳΣ ōǳǘ ǿŜΩƭƭ ǎŜŜ ǘƘŀǘ ǘƘƛǎ ƛǎ ǘƻƻ ƻǇǘƛƳƛǎǘƛŎΦ Lǘ ǘǳǊƴ ƻut, 

though, that we can do quite a few with the constructions we already have in our toolkit. 

In particular, on the basis of the equilateral triangle construction we can construct the regular 

hexagon. This is an example of an important technique of drawing ŀ ǊŜƎǳƭŀǊ ǇƻƭȅƎƻƴ ōȅ άǿŀƭƪƛƴƎέ 

around the circumference of a circle with a fixed length (stored by the compass). Note that at steps 7 

ŀƴŘ у ǘƘŜ ŎƻǊǊŜŎǘ ƛƴǘŜǊǎŜŎǘƛƻƴ Ǉƻƛƴǘ Ƴǳǎǘ ōŜ ŎƘƻǎŜƴΣ ōǳǘ ƛŦ ȅƻǳ ƪŜŜǇ ǘƘŜ Ŧƛƴŀƭ Ǝƻŀƭ ƛƴ ƳƛƴŘ ƛǘΩǎ ǉǳƛǘŜ 

obvious which is the right one to pick. 
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Construction 1. 06 

To construct a regular hexagon on a given line segment.  

  

1. A line segment is given. 

2. ά{ǘƻǊŜέ ǘƘŜ ƭŜƴƎǘƘ ƻŦ ǘƘŜ line segment using the compass. Do not change the compass 

setting from now on! 

3. Keep the compass in place and trace a circle. 

4. Reposition the compass spike at the other end of the given line segment and trace a second 

circle. 

5. The two circles constructed will have intersected at two points. Pick either one of them and 

draw a third circle centred on it. 

6. This new circle will cross the other two at two points. Mark them and connect each end of 

the given line segment to the intersection point nearest to it. We now have the first three 

sides of a regular hexagon; its sides are the same length as the compass setting.  

7. From either of these new intersection points (call it A), draw another circle. This will create a 

new intersection with one of the existing circles (call this point B); joining A to B gives the 

fourth side of the hexagon. 

8. Repeat the previous step on the other side of the figure; this gives the fifth side. 

9. The sixth side is obtained by joining up the end-points of the last two line segments. 

We end with another way to construct a regular hexagon. In this case we are not given a side of the 

hexagon but rather a circle it must fit perfectly inside, with all six vertices just touching it. We say the 

hexagon is inscribed in the circle. We assume the centre of the given circle is known ς if not, we shall 

see how to find it in Construction 2.10. 
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Construction 1. 07 

To construct a regular hexagon inscribed in a given circle.  

 

1. We are given a circle and its centre. 

2. Draw any line segment through the centre of the circle, intersecting it at two opposite 

points. 

3. ά{ǘƻǊŜέ the radius of the given circle using the compass and draw a copy of the given circle 

centred on one of the intersection points. 

4. Mark the two points where the circumference of the new circle (copy) crosses the given one. 

You will now have four of the six vertices needed on the circumference of the given circle. 

5. Repeat Step 3 but use the second of the 'opposite points' constructed in Step 2. The new 

copy of the given circle will generate the final two vertices.  

6. This gives six equally-spaced points around the circle; join them up to finish the hexagon. 
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Second Session: Parallel and Perpendicular  

Summary  
This session focuses on parallel and perpendicular lines, but we begin by revisiting something from 

ǘƘŜ ǇǊŜǾƛƻǳǎ ǎŜǎǎƛƻƴ ǘƘŀǘ ǿŀǎƴΩǘ ŜȄǇƭƛŎƛǘΥ ŀŘŘƛǘƛƻƴ ŀƴŘ ǎǳōǘǊŀŎǘƛƻƴ ƻŦ ƭŜƴƎǘƘǎ ŀƴŘ ŀƴƎƭŜǎΦ  

We meet two constructions of the square, one very efficient and the other very explicit. We extend 

this second version to construct general parallelograms. These use two simple and useful extensions 

of the perpendicular bisector construction. 

We then consider division of a line segment into more than two equal parts, largely as a 

demonstration of the power of parallel lines. The construction is conceptually easy but fiddly; unlike 

ǘƘƻǎŜ ǿŜΩǾŜ ǎŜŜƴ ǎƻ ŦŀǊΣ ƘƻǿŜǾŜǊΣ ƛǘΩǎ ƴƻt at all obvious why it works. CƻǊ ǘƘƛǎ ǿŜ ƴŜŜŘ ¢ƘŀƭŜǎΩ 

Theorem; in our sessions this is done (along with its proof) as an optional presentation. We include it 

at the end of this Session. 

Note to Teachers 

¢ƘŜ ŘƛǎŎǳǎǎƛƻƴ ƻŦ ǇŀǊŀƭƭŜƭ ƭƛƴŜǎ Ŏŀƴ ōŜ ƎǊŜŀǘƭȅ ǊŜŘǳŎŜŘ ƛŦ ǎǘǳŘŜƴǘǎ ŀǊŜƴΩǘ ƛƴǘŜǊŜǎǘŜŘ ƛƴ ƛǘΣ ŀƭǘƘƻǳƎƘ 

ŘŜŦŀƳƛƭƛŀǊƛȊƛƴƎ ƛŘŜŀǎ ƭƛƪŜ άǇŀǊŀƭƭŜƭέ ǘƘŀǘ ǎŜŜƳ ƴŀǘǳǊŀƭ ƛǎ ƛƴǎǘǊǳŎǘƛǾŜ ƛƴ ƛǘǎ ƻǿƴ ǊƛƎƘǘΦ 

 

Addi tion and Subtracti on of Lengths 
Since it can copy lengths, the compass allows us to do something else: it allows us to add and 

subtract lengths. So, here are two very easy problems: 

¶ Given two line segments, construct the line segment whose length is the sum of them. 

¶ Given two line segments, construct the line segment whose length is that of the longer one 

minus the smaller. 

The resulting line segment should be straight, not two line segmentǎ ƧƻƛƴŜŘ ǿƛǘƘ ŀ άƪƛƴƪέΦ ¸ƻǳ ǎƘƻǳƭŘ 

try to find solutions yourself before reading on ς if your solutions are different from ours, they might 

still be correct. 
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Construction 2. 01 

To add two line segments together to make one line segment. 

 

1. Two line segments ŀǊŜ ƎƛǾŜƴ όƛǘΩǎ Ƴƻǎǘ ƛƴǘŜǊŜǎǘƛƴƎ ƛŦ ǘƘŜȅΩǊŜ ƻŦ ǳƴŜǉǳŀƭ ƭŜƴƎǘƘǎύ. 

2. Construct a third, much longer line segment with a straightedge. 

3. Use the compass to copy the length of one of the given line segments. Mark off that length 

on the third line segment you have just constructed. 

4. Repeat for the other given line segment, starting from one of the points you created at the 

previous step. 

 

Construction 2. 02 

To subtract one line segment from another to make a new line segment. 

 

1. Two line segments are given (they must have unequal lengths). 

2. Construct a third line segment, much longer line segment with a straightedge. 

3. Use the compass to copy the length of the longer of the two given line segments. Mark off 

that length on the third line segment you have just constructed. 

4. Copy the length of the other, shorter given line segment, and again pick one of the end-

points you created at the previous step.  
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5. This time, however, you are looking for the intersection point formed by the circle that goes 

"back on itself" to άŎǳǘ ƻŦŦέ ǘƘƛǎ ƭŜƴƎǘƘ from the last one; the remaining length is the amount 

left over; the long line segment minus the short one. 

Note that with subtraction the order of operations matters, while with addition you can begin with 

either line segment to reach the desired result. 

Maybe these operations doƴΩǘ ǎŜŜƳ ƳƛǊŀŎǳƭƻǳǎ but, without introducing any numbers or units of 

measurement, we can now do arithmetic with line segments. We can even solve simple equations. 

For example, try this: 

¶ Suppose we are given a line segment from which another length has already been 

subtracted. Given the length that was subtracted, construct the original line segment. 

This problem is equivalent to solving the equation x - y = z where 

¶ x is the original, unknown length we need to construct 

¶ y is the amount that was taken away 

¶ Ȋ ƛǎ ǘƘŜ ƭŜƴƎǘƘ ǿŜΩǊŜ ƭŜft with 

Using algebra we solve this equation by adding y back onto z to retrieve the original length. Note 

that this is precisely how we solve the problem with straightedge and compass. If students have any 

trouble with this, give them sticks of the appropriate lengths (wooden kebab skewers are suitable) 

and they will quickly see what to do: put together the new length and the bit that was cut off to get 

the original length back. 

The following problem is, of course, similar and any students who got stuck on the previous one 

should be able to do this one without any help: 

¶ Suppose we are given a line segment to which another length has already been added. Given 

the length that was added, construct the original line segment. 

Of course, this is equivalent to solving the equation x + y = z where y and z are known. We can do 

something similar with angles; the only difficulty is in copying an angle. The early stages of this 

construction are identical to those for bisecting an angle. 

As an optional exercise, take three given line segments, x, y and z (with x longer than y) and 

construct the line segment that corresponds to 3x ς нȅ Ҍ ȊΦ ¸ƻǳΩƭƭ ƴŜŜŘ ǘƻ ŎƻƳōƛƴŜ ŎƻƴǎǘǊǳŎǘƛƻƴǎ мΦмΣ 

2.1 and 2.2. 

  



 

 

 © Rich Cochrane & Andrew McGettigan Reviewer: Jeremy Gray 
www.mathcentre.co.uk Central Saint Martins, UAL Open University 

33 

Addition and Subtraction of Angles  
We can create the same kind of arithmetic for angles, too. The resulting constructions are 

ǎƻƳŜǘƛƳŜǎ ƘŀƴŘȅ ŦƻǊ ŎǊŜŀǘƛƴƎ ƳƻǊŜ ŎƻƳǇƭƛŎŀǘŜŘ ŦƛƎǳǊŜǎΦ ²Ŝ ŘƻƴΩǘ ǳǎŜ ǘƘŜƳ ƛƴ ƭŀǘŜǊ ǎŜǎǎƛƻƴǎΣ 

though, so they can safely be skipped.  

Construction 2. 03 

To copy an angle  

 

1. Two line segments are given that form an angle at point A. 

2. Draw a separate long line segment to serve as the starting-point for the construction. 

3. Place the compass spike at point A.  

4. Set the compass length to any length shorter than the shorter of the two given line 

segments. 

5. Trace out a circle, creating two intersection points. 

6. Without altering the compass length, move the spike to one of the end points of the long 

line segment and draw a new circle with the stored length. This will create one new 

intersection point on that line segment. 

7. Return to the two joined line segments. Place the compass spike on either intersection point 

and άǎǘƻǊŜέ the distance between the two points using the compass. 

8. Now back to the long line segment. Place the compass spike on the intersection point there 

and draw a circle.  

9. This construction circle will intersect the circle you drew in Step 6 at two points. Choose 

either of these. 

10. Draw a line segment from the chosen point back to the endpoint of the long line segment.  

You have copied the angle from the left hand line segments to the right hand line segments.  

 

{ƻƳŜ ǎǘǳŘŜƴǘǎ Ƴŀȅ ōŜ ǿƻǊǊƛŜŘ ōȅ ǘƘŜ ƛŘŜŀ ƻŦ άŀǊōƛǘǊŀǊȅέ ŎƘƻƛŎŜǎ ƘŜǊŜ ŀƴŘ ŜƭǎŜǿƘŜǊe, which may 

seem problematic. One way to work on this is to copy the same angle several times, making 

different arbitrary choiŎŜǎ ŦƻǊ ǘƘŜ ŦƛǊǎǘ ŎƛǊŎƭŜ ŜŀŎƘ ǘƛƳŜΦ bƻǘ ƻƴƭȅ ǎƘƻǳƭŘ ǘƘŜ ŀƴƎƭŜǎ ŀƭƭ άƭƻƻƪ ǘƘŜ 

ǎŀƳŜέ όǿƘƛŎƘ ƛǎ ƴƻ ƎǳŀǊŀƴǘŜŜ ƻŦ ŀƴȅǘƘƛƴƎΗύ ōǳǘ ƛǘ ǎƘƻǳƭŘ ōŜŎƻƳŜ ŎƭŜŀǊ ǘƘǊƻǳƎƘ ǊŜǇŜǘƛǘƛƻƴ ǘƘŀǘ ǘƘŜ 

construction works independently of this initial choice. 
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Note to Teachers 

The standard proof that this construction works appeals to properties of congruent triangles. We 

cover those properties in the Third Session.  

Now that we can copy an angle, adding and subtracting two angles is quite straightforward. Think of 

adding angles in the following way. First, face along one line segment and turn by the size of the first 

angle. Then turn again, this time by the amount of the second angle. The total angle turned is the 

sum of the two.  

Construction 2. 04 

To add two angles together  

 

1. We are given two pairs of line segments. Each pair meets at a point.  

2. Draw a separate long line segment to act as the base of the construction. 

3. Copy one of the angles onto this line segment as in Construction 2.03. 

4. Now use the newly-constructed line segment in the previous step as the base, and repeat 

Construction 2.03 again with the second given angle. 

The colour-coding of the angles in the following image may make the idea clearer: 

 

In the final construction, we turn by the amount of the orange angle, then by the amount of the 

magenta one; the total amount turned is the sum of the two. 
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Subtraction of angles is much the same: intuitively speaking, instead of turning further around in the 

same direction we rotate back in the opposite direction. You may like to take some time to 

experiment with adding sequences of angles, especially when they sum to more than a complete 

ŎƛǊŎƭŜ όослхύΣ ŀƴŘ ǿƛǘƘ ǎǳōǘǊŀŎǘƛƴƎ ōƛƎ ŀƴƎƭŜǎ ŦǊƻƳ ǎƳŀƭƭ ƻƴŜǎΦ  

Note to Teachers 

One could extend this into various physical activities, and perhaps add in work with bearings from 

the GCSE syllabus, although this has never seemed relevant and interesting enough to us to merit 

the time it would take up. If this course were leading, for example, towards work with linear algebra 

or analytic geometry this kind of diversion might be worth considering. 

 

Perpendicular Lines 
We return now to the bisector (Construction 1.04). We know that it enables us to divide in half but 

the line segment we construct in the process has another, very important relation to given the line 

segment: they are perpendicular. The means it crosses the original line segment at the same angles 

on each side, which we call a right angle: 

 

You can interpret the same drawing as a sum of two right angles making a perfect half-turn or, to put 

ƛǘ ŀƴŀŎƘǊƻƴƛǎǘƛŎŀƭƭȅΣ ŀ ǘǳǊƴ ƻŦ мулхΦ Consider (and draw, if necessary) what the sum of four right 

angles is, and hence the sum of two half-turns, if that ǘŜǊƳƛƴƻƭƻƎȅ ƛǎƴΩǘ already too much of a 

giveaway.  

If we imagine extending the perpendicular line segment to an infinitely long line, this can also be 

thought of as the set of all points that are equidistant from the two constructed intersection points. 

The circles used in the construction give a strong hint about why this is the case ς the following 

diagram is suggestive (see Geogebra file Session-2.1): 
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Construction 1.04 shows how to create a perpendicular through the midpoint of a given line 

segment, but we will need to be able to create them at other points, too. We consider now two 

constraints on the location of the perpendicular:  

¶ Given a line segment and a point on it (not the midpoint), construct the perpendicular 

through that point. 

¶ Given a line segment and a point not on the line segment, construct the perpendicular 

through that point. 

LŦ ȅƻǳΩǊŜ ŦŜŜƭƛƴƎ ŎƻƴŦƛŘŜƴǘ ȅƻǳ ŎƻǳƭŘ ǘǊȅ ǘƻ ǿƻǊƪ ƻǳǘ ȅƻǳǊ ƻǿƴ ǎƻƭǳǘƛƻƴǎ ǘƻ ǘƘŜǎŜ ǇǊƻōƭŜƳǎΣ ŀƭǘƘƻǳƎƘ 

a little ingenuity is needed.  

Once you've grasped the idea these are not difficult constructions to carry out, but many find the 

methods counterintuitive at first. Since they provide the key to constructing parallels we allow 

plenty of time to practice these two techniques.  
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Construction 2. 05 

To construct a perpendicular to a given line segment through a given point on the given line 

segment. 

 

1. A line segment is given, along with a point somewhere on it. 

2. Draw any circle centred on the given point that intersects the line segment at two points. 

3. Put the compass in one intersection point, put the drawing tip on the other and draw a 

circle. 

4. Repeat for the other intersection point. 

5. Mark the two points where these larger circles cross. 

6. Join then to obtain a perpendicular to the given line segment through the given point. 

Note that steps 3-6 are just the perpendicular bisector construction, but using points that we know 

(by construction from Step 2!) are equally spaced either side of the point we want our perpendicular 

to cross. 

The same approach can be used to solve the second problem. An arbitrary circle centred on the 

given point is used to make two intersections on the given line segment; the only difference here is 

ǘƘŀǘ ǘƘŜ άŀǊōƛǘǊŀǊȅέ ŎƛǊŎƭŜ Ƴǳǎǘ ōŜ ƳŀŘŜ ƭŀǊƎŜ ŜƴƻǳƎƘ ǘƻ ŀŎǘǳŀƭƭȅ ƛƴǘŜǊǎŜŎǘ ǘƘŜ ƎƛǾŜƴ line segment at 

two distinct points. 
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Construction 2. 06 

To construct a perpendicular to a given line segment through a given point off the given line 

segment. 

 

1. A line segment is given, along with a point not on it. 

2. Draw any circle centred on the given point that intersects the line segment at two points. 

3. Put the compass in one intersection point, put the drawing tip on the other and draw a 

circle. 

4. Repeat for the other intersection point. 

5. Mark the two points where these larger circles cross. 

6. Join then to obtain a perpendicular to the given line segment through the given point. 

Note that this construction is essentially identical to 2.5! You may find ȅƻǳ ŎŀƴΩǘ ŎŀǊǊȅ ƻǳǘ {ǘŜǇ н 

because the circle only crosses the given line segment once: 

 

If so, simply extend the given line segment ǳǎƛƴƎ ȅƻǳǊ ǎǘǊŀƛƎƘǘŜŘƎŜ ǳƴǘƛƭ ƛǘΩǎ ƭƻƴƎ ŜƴƻǳƎƘΥ 
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Parallel Lines  
You Ƴŀȅ ƘŀǾŜ ōŜŜƴ ǘƻƭŘ ǘƘŀǘ ǘǿƻ ƭƛƴŜǎ ŀǊŜ ǇŀǊŀƭƭŜƭ ƛŦ ǘƘŜȅ άƴŜǾŜǊ ƳŜŜǘέΣ ōǳǘ ǘƘƛǎ ŘŜŦƛƴƛǘƛƻƴΩǎ ƴƻ ƎƻƻŘ 

to us. After all, the lines in our constructions are finite line segments. These line segments, for 

example, ƴŜǾŜǊ ƳŜŜǘ ōǳǘ ǘƘŜȅΩǊŜ ƴƻǘ ǇŀǊŀƭƭŜƭΥ 

 

9ǳŎƭƛŘΩǎ own Definition 23 puts it this way: 

Parallel straight lines are straight lines which, being in the same plane and being produced 

indefinitely in both directions, do not meet one another in either direction. 

¢Ƙƛǎ ŘƻŜǎƴΩǘ reliably help us to decide when two line segments are parallel, since we might produce 

ǘƘŜƳ ŦƻǊ ŀ ǾŜǊȅ ƭƻƴƎ ŘƛǎǘŀƴŎŜ ŀƴŘ ǎǘƛƭƭ ƴƻǘ ōŜ ǎǳǊŜ ǿƘŜǘƘŜǊ ƻǊ ƴƻǘΣ ŜǾŜƴǘǳŀƭƭȅΣ ǘƘŜȅΩǊŜ ƎƻƛƴƎ ǘƻ ƳŜŜǘΦ  

A better idea is found in the famous Fifth Postulate: 

if a straight line falling on two straight lines makes the interior angles on the same side less 

than two right angles, the two straight lines, if produced indefinitely, meet on that side on 

which are the angles less than the two right angles. 

This is certainly a strange-looking way to define paralƭŜƭ ƭƛƴŜǎΣ ŀƴŘ ƛǘΩǎ ǿƻǊǘƘ ǎǇŜƴŘƛƴƎ ǎƻƳŜ ǘƛƳŜ 

ǳƴǇŀŎƪƛƴƎ ƛǘ ŀƴŘ ǎŜŜƛƴƎ Ƙƻǿ ƛǘ ǊŜƭŀǘŜǎ ǘƻ ǘƘŜ ƴƻǘƛƻƴǎ ƻŦ άǇŀǊŀƭƭŜƭέ ǘƘŜ Ŏƭŀǎǎ Ƴŀȅ ōŜ ŎŀǊǊȅƛƴƎ ŀǊƻǳƴŘΦ  
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A good way to do this is to draw some examples of the setup Euclid describes: that is, two line 

segments and ŀƴƻǘƘŜǊ ƭȅƛƴƎ ŀŎǊƻǎǎ ǘƘŜƳΦ ²Ŝ ǘƘŜƴ ƛŘŜƴǘƛŦȅ ŀ ǇŀƛǊ ƻŦ ŀƴƎƭŜǎ ǘƘŀǘ ŀǊŜ άƻƴŜ ǘƘŜ ǎŀƳŜ 

ǎƛŘŜέΥ  

 

We can copy and add up those angles (Construction 2.04) to see what we get. The original figure is 

on the left and the resulting sum of the two angles is on the right (see Geogebra file Session-2.2): 

 

 

bƻǘƛŎŜ ǘƘŜ ǊŜǎǳƭǘ ƛǎ ƳƻǊŜ ǘƘŀƴ ƘŀƭŦ ŀ ǘǳǊƴΣ ǎƻ ƛǘΩǎ more than two right angles. Is it intuitively obvious 

that the angles on the other side must add up to less than two right angles? 9ǳŎƭƛŘΩǎ CƛŦǘƘ tƻǎǘǳƭŀǘŜ 

says that if they do, the line segmentǎ ŀǊŜƴΩǘ ǇŀǊŀƭƭŜƭ ŀƴŘ ǿƛƭƭ ƛƴ ŦŀŎǘ ƳŜŜǘ on that side if we extend 

them far enough. 

Since the angles on this (left) side of the line segment that cuts the other two add to less than two 

right angles, Euclid says the two lines should meet. That should eventually happen if we produce the 

line segments on that side, and we can see that this is indeed true: 
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Notice that Euclid says the line segments are to be produced άƛƴŘŜŦƛƴƛǘŜƭȅέ ς that is, we doƴΩǘ 

necessarily know how far we have to extend them ahead of time. It does not ƳŜŀƴ άƛƴŦƛƴƛǘŜƭȅέ, 

ōŜŎŀǳǎŜ ǿƛǘƘ ƻǳǊ ǎǘǊŀƛƎƘǘŜŘƎŜ ŀƴŘ ƻǳǊ ŦƛƴƛǘŜ ƭƛǾŜǎ όŀƴŘ ǇƛŜŎŜǎ ƻŦ ǇŀǇŜǊύ ǿŜ ŎŀƴΩǘ ŜȄǘŜƴŘ ŀ line 

segment infinitely far ς ōǳǘ ƭǳŎƪƛƭȅ ǿŜ ŘƻƴΩǘ ƴŜŜŘ ǘƻ. If theyΩǊŜ ƴƻǘ ǇŜǊǇŜƴŘƛŎǳƭŀǊ ǘƘŜƴ ǘhe amount 

we have to extend the lines before they meet is always finiteΣ ǎƻ ǿŜΩǊŜ ǎǘƛƭƭ ǿƻǊƪƛƴƎ ǿƛǘƘ line 

segments rather than (infinite) lines. 

Note to Teachers 

Lƴ ŦŀŎǘΣ 9ǳŎƭƛŘΩǎ ǳǎŜ ƻŦ άƛƴŦƛƴƛǘŜέ ƭƛƴŜǎ is a topic of scholarly debate; Mendell, for example, sifts 

ǘƘǊƻǳƎƘ ǘƘŜ ǘŜȄǘǳŀƭ ŜǾƛŘŜƴŎŜ ŀƴŘ ŎƻƴŎƭǳŘŜǎ ǘƘŀǘ ƘŜ ǿŀǎ άƴƻǘ ōƻǘƘŜǊŜŘέ ŀōƻǳǘ ǘƘŜ ƛǎǎǳŜ όMendell: p. 

53). Infinitely extended lines are never needed for any of the geometry we cover on this course, 

since all of it can be done by practical drawing on a finite sheet of paper. 

9ǳŎƭƛŘ ŘƻŜǎ ǊŜŦŜǊ ǘƻ ƛƴŦƛƴƛǘŜ ƭƛƴŜǎ ŜȄǇƭƛŎƛǘƭȅ ƛƴ ǾŀǊƛƻǳǎ ǇƭŀŎŜǎΦ ²Ƙŀǘ ƛǎƴΩǘ ŎƭŜŀǊ ƛǎ ǿƘŜǘƘŜǊ ƘŜ ƳŜŀƴǎ 

what Aristotle called ŀ άǇƻǘŜƴǘƛŀƭ ƛƴŦƛƴƛǘȅέ ς a line that can be extended as far as we wish ς or an 

άŀŎǘǳŀƭ ƛƴŦƛƴƛǘȅέΦ Modern mathematicians tend to see no problem with actually infinite lines, since 

ǘƘŜȅΩǊŜ ǎƻ ǳǎŜŘ ǘƻ ƘŀǾƛƴƎ ŀŎŎŜǎǎ ǘƻ ǘƘŜƳ Ǿƛŀ ƳǳŎƘ ƭŀǘŜǊ όŜǎǇŜŎƛŀƭƭȅ /ŀǊǘŜǎƛŀƴύ ŘŜǾŜƭƻǇƳŜƴǘǎ. But we 

think the distinction is philosophically important. 

Constraining ourselves to the potentially infinite ς ǿƘƛŎƘ ǿŜ Ŏŀƭƭ ǘƘŜ άƛƴŘŜŦƛƴƛǘŜέ ςat least seems to 

be consistent with the geometry Euclid develops. We reserve discussion of actual infinities for our 

follow-up course that includes some projective geometry, Perspective and the Geometry of Vision. 

 

Now, if the setup is such that the angles are equal to right angles on both sides, the fifth postulate 

implies that, however long you produce them, the two line segments ǿƻƴΩǘ ever meet because they 

cannot meet on one side or the other; since the angles are the same on both sides, symmetry 

demands that they either meet on both sides or neither.  The former is impossible because two 

different straight lines can have at most one point in common in the planeΦ !ƴ ŀǎƛŘŜΥ ǘƘƛǎ άŦŀŎǘέ ƛǎ 

intuitively clear to most people but Euclid never offers any justification for this other than the 

ŀǎǎǳƳǇǘƛƻƴ ǘƘŀǘ άǘǿƻ ƭƛƴŜǎ Ŏŀƴƴƻǘ ŜƴŎƭƻǎŜ ŀ ǎǇŀŎŜέ όtǊƻǇƻǎƛǘƛƻƴ п ƻŦ .ƻƻƪ мύΦ  όIŀǾŜ ŀ Ǝƻ ŀǘ ŘǊŀǿƛƴƎ 

some to convince yourself of this!) 
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Note to Teachers 

This iǎ ¢ƘŜƻǊŜƳ м ƻŦ IƛƭōŜǊǘΩǎ Foundations of GeometryΤ ƘŜ ŘƻŜǎƴΩǘ ƻŦŦŜǊ ŀ ǇǊƻƻŦ ŜƛǘƘŜǊΣ ōǳǘ ƛǘΩǎ ŎƭŜŀǊ 

that it follows immediately from the assumption that two points lie on a unique line (see also 

Hartshorne, p.66).  

Incidentally, in elliptic geometry two straight lines can cross twice to enclose a space, the ΨbiangleΩ ς 

ōǳǘ ǘƘŀǘΩǎ ŀ ǘƻǇƛŎ ŦƻǊ ŀƴƻǘƘŜǊ ŎƻǳǊǎŜΦ Think of the lines of longitude on the globe that join at both 

poles - a space can be enclosed by any pair of longitudinal lines! 

 

This discussion, or parts thereof, should give enough hints to enable you to work out how to 

construct a line segment parallel to a given line segment by using a perpendicular construction 

twice. Have a think about how to go about it before looking at the recipe below (Construction 2.07).  

We give the method to construct a parallel line segment through a given point rather than an 

arbitrary parallel. This combines Constructions 2.05 and 2.06 to create a perpendicular to a 

perpendicular. In a manner of speaking, we are simply making two 9лх ǘǳǊƴǎ ŦǊƻƳ ƻǳǊ ƻǊƛƎƛƴŀƭ line 

segment. bƻǘƛŎŜ Ƙƻǿ ƻǳǊ ƎǊƻǿƛƴƎ άǘƻƻƭƪƛǘέ ƻŦ ŎƻƴǎǘǊǳŎǘƛƻƴǎ Ŏŀn be used to build up more 

complicated ones; this is a general theme in a lot of mathematics! 

Note to Teachers 

LǘΩǎ ǘƘŜ ŜȄƛǎǘŜƴŎŜ ŀƴŘ ǳƴƛǉǳŜƴŜǎǎ ƻŦ ǇŀǊŀƭƭŜƭ ƭƛƴŜǎ ǘƘŀǘ ƳŀƪŜǎ 9ǳŎƭƛŘŜŀƴ ƎŜƻƳŜǘǊȅ 9ǳŎƭƛŘŜŀƴ ς non-

Euclidean geometries are usually obtained by making some change to the parallel postulate. In 

elliptic geometry, there are no (straight) parallels; in hyperbolic geometry there are many through 

each point. 

²Ŝ ŘƻƴΩǘ ƎŜƴŜǊŀƭƭȅ ŘǿŜƭƭ ƻƴ ǘƘƛǎ ƛƴ ǘƘƛǎ ŎƻǳǊǎŜ ōŜŎŀǳǎŜ ǿŜ Ǌǳƴ ŀ Ŧƻƭƭƻǿ-up course that covers this 

ƳŀǘŜǊƛŀƭΣ ōǳǘ ƛŦ ǿŜ ŘƛŘƴΩǘ ǿŜΩŘ ǿŀƴǘ ǘƻ ŀǘ ƭŜŀǎǘ ƳŜƴǘƛƻƴ ǘƘƛǎ ŦŀŎǘ ƘŜǊŜΗ 

Parallel Lines and Angles  
This section describes two very useful theorems about what happens when a pair of parallel lines 

crosses some other line, as in this diagram: 
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It turns out that we can say some quite interesting things about the way the two parallel (red) lines 

cut across the green line.  

The first thing to notice is that the angle at which the green line cuts the first red line is the same as 

the one at which it cuts the second red line: 

 

By combining this with the theorem about opposite angles from the end of the previous session we 

can find all the angles in a figure like this if we know just a single one ς a common exercise from 

school geometry. In addition we can prove certain theorems about the internal angles of a triangle. 

 
Using this last insight and those we've seen earlier regarding angles, we are now in a position to 
prove the familiar school result that the angle sum of a triangle is 180 ƻǊ ˉκн radians. 

 

The above triangle - formed by the lower red line, the blue and green lines - has three angles 

coloured green, blue and yellow. Using the upper red line and the properties of parallel lines we can 

identify the congruent angles - all green angles are equal, all blue angles are equal and the two 

yellow are angles are equal.  

Following the path of the upper red line through the top vertex of the triangle, we can see that 

angles YELLOW + BLUE + GREEN = a 'half turn' or a straight line. This is therefore the same as the 

'internal angle sum' of triangle. By convention there are 180 in both. 
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Constructing Parallel Lines  
We now turn away from the proofs regarding properties to examine the practicalities of 

construction with straightedge and compass. We'll see though that these theorems and properties 

associated with parallel lines give us a lot of new deductive power.  

 

Construction 2. 07 

To construct a line segment through a given point and parallel to a given line segment. 

 

1. We are given a line segment and a point not on the line segment 

2. Use Construction 2.06 to construct the perpendicular to the given line segment through the 

given point, which is not on the first line segment (the result is the thin, vertical, black line 

segment in the figure). 

3. Use Construction 2.05 to construct the perpendicular to this new line segment through the 

given point, which lies on the first perpendicular (the result is the red line segment, which is 

indeed parallel to the green line segment and goes through the desired point). 

If you require more of a hint for this construction and others, you can adjust the view in Geogebra to 

show every construction step (not just the 'breakpoints') under the 'Options' menu in the 

Construction Protocol window.  

 

Squares and other Paralle lograms  
Having understood the relationship between parallels and perpendiculars, you should now be able 

to extend the idea to the construction of squares. Producing line segments and copying lengths 

needs to be done to ensure the end result really is a square, not just a square-ish rectangle. A good 

way to pose the problem is: given a line segment, construct the square on it (i.e. the square of which 

the given line segment is a side).  

A square is a four-sided polygon that has two important properties: 
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¶ It is a rectangle, meaning its sides are at right angles to each other. We now know this 

means that they are perpendicular, and we know how to construct perpendicular line 

segments. 

¶ It is regular, meaning its sides are all the same length. We know how to copy a line segment 

by storing its length ƛƴ ǘƘŜ ŎƻƳǇŀǎǎΩǎ άƳŜƳƻǊȅέΦ 

This may constitute enough hints to work out how to construct a square. Our solution, Construction 

2.08, is rather inefficient but it uses only Construction 2.05 and relates very explicitly to these two 

properties of squares. 

 

Construction 2. 08 

To construct a square with a given line segment as a side. 

 

1. We are given a line segment, which will be the first side of the square. 

2. Extend the line segment to at least double its original length. 

3. Use Construction 2.05 to erect a perpendicular to the given line segment that passes 

through one of its end-points. 

4. Use the compass to copy the length of the given line segment onto this perpendicular (you 

might need to extend it). That gives the second side of the square (the red side on the right 

in the figure). 

5. Repeat steps 2-4, treating this new line segment exactly like the given one; turning the page 

флх ŎƭƻŎƪǿƛǎŜ Ƴŀȅ ƘŜƭǇ ŎƻƴŎŜǇǘǳŀƭƭȅΦ ¢ƘŜ ǊŜǎǳƭǘ ǎƘƻǳƭŘ ōŜ ǘƘŜ ǘƻǇ ǊŜŘ line segment, the 

third side of the square. 

6. Finally, draw the fourth side (red line segment on the left) by joining up the two remaining 

end points. 
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LǘΩǎ ǿƻǊǘƘ ǎƘƻǿƛƴƎ ŀƴƻǘƘŜǊΣ ƳƻǊŜ ŜŦŦƛŎƛŜƴǘ ǿŀȅ ǘƻ ƳŀƪŜ ŀ ǎǉǳŀǊŜ ŀǘ ǘƘƛǎ ǇƻƛƴǘΦ Lǘ starts with a 

different problem: given a circle, construct the square that fits exactly inside it, touching it only at 

the corners. The technical term for this is that the circle is inscribed in the square. In the following 

construction we assume the centre of the circle is given along with it. It can be found easily enough if 

ƛǘ ƛǎƴΩǘ ό/ƻƴǎǘǊǳŎǘƛƻƴ нΦмлύΣ ōǳǘ ǿŜ ŘƻƴΩǘ ǳǎǳŀƭƭȅ Řƻ ǘƘŜ ŎƻƴǎǘǊǳŎǘƛƻƴ ƛƴ Ŏƭŀǎǎ ǎƛƴŎŜ ǿŜ ŘƻƴΩǘ ƴŜŜŘ ƛǘ 

for anything later. 

 

Construction 2. 09 

To construct a square inscribed in a given circle. 

 

1. We are given a circle and its centre. 

2. Draw any line segment through the centre, intersecting the circle at two opposite points. 

3. Construct the perpendicular bisector of the part of the line segment that's inside the circle. 

4. Identify the two points where the bisector crosses the circle. 

5. Join the four points on the circle to form the square. 
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Lƴ ŎŀǎŜ ȅƻǳ ŦƛƴŘ ȅƻǳǊǎŜƭŦ ǿƻǊƪƛƴƎ ǿƛǘƘ ŀ ŎƛǊŎƭŜ ȅƻǳ ŘƛŘƴΩǘ ŘǊŀǿΣ ƛǘΩǎ ǳǎŜŦǳƭ ǘƻ ōŜ ŀōƭŜ ǘƻ ŦƛƴŘ ǘƘŜ 

ŎŜƴǘǊŜΦ IŜǊŜ ƛǎ ƻƴŜ ǿŀȅΤ ǿŜ ŘƻƴΩǘ ŎƻǾŜǊ ŜƴƻǳƎƘ ŦŀŎǘǎ ŀōƻǳǘ ŎƛǊŎƭŜ ƎŜƻƳŜǘǊȅ ŦƻǊ ƛǘ ǘƻ ōŜ ǿƻǊǘƘ ǘǊȅƛƴƎ 

to prove it works, or set it as an exercise, but students fresh from (for example) GCSE geometry 

would make more of it. 

Construction 2. 10 

To find the centre of a given circle. 

 

1. A circle is given but its centre is unknown. 

2. Pick any two points on the circle. 

3. Connect the two points with a line segment. 

4. Construct the perpendicular bisector of this line segment. Make sure it extends well past 

where the centre of the circle would be. 

5. Pick any third point on the circle's circumference. 

6. Join it to the closest of the other two points with a line segment 

7. Construct the perpendicular bisector of this line segment. Again, ensure the bisector is long 

enough to go past the centre of the circle. 

8. The point where the two bisectors cross is the centre of the circle. 

This technique can also be used to prove that given any three points that do not lie on a straight line 

there is a unique circle where the circumference goes through each point.  

The square is just one of a much more general class of polygons called parallelograms, which have 

four sides and whose pairs of opposite sides are parallel. ²ŜΩƭƭ ƛƴǾŜǎǘƛƎŀǘŜ ǘƘŜǎŜ ǎƘŀǇŜǎ ŀ ōƛǘ ŦǳǊǘƘŜǊ 

next time. Drawing one is a simple application of copying an angle and a length.  

  














































































































