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Introduction

As part of the work of theigmafunded Fine Art Maths Centa Central Saint Martins, we have
devised a series of geometry workshop courses that make little or no demands as to prerequisites
and which are, in most cases, led by practical construction rather than calcul@tisnbooklet and

its accompanying resoces on Euclidean Geometry represent the first FAMC course to be 'written

up'.

We have taught the material in a FinetAetting, but it could be adapted with little difficulty for

Design or Arts and Humanities studergsme of it was first tried outin@uf A O-AYRNBIFa & A 2y &
ran out of a pub and later a cafdom 2012t02014. Our approach is also suitable for those who may
previously have had bad experiences with mathematics: algebra and equations are kept to a

minimum and could be eliminated.

fyolRNBE F YIFGKa GSIFOKSNI AYGiSNBaGtSR Ay NBFOKAy3a ai
2N LIKAE2a2LKAOIE ¢S K2LIS @&2dzQff FTAYR a2YSGKAy3
adapt it heavily to suit your own studentglany of the studats who follow this one go on to our

coursePerspective &e Geometry of Visigmlthough it is not a prerequisite.

(
Z

IF @2dzQNB | aGdzRSy il ¢S K2LIS (KGNS @sour®s getlygdk Ay T 2 NI
started with Euclidean geometryLearning almost anything is easier with a good instructor but
a2YSGOAYSa 6S Ydzad YIylFr3aS 2y 2dzNJ 26y ® ¢KAA 0221 F
to problems that are often presented directly after the problems thehassc if possible, try to

figure out each problem on your own before peeking.

WS QNB | grudideangefomeirk ay Qi | adlF yRFNR LI NG 2F F YIFGKS
other undergraduate programme, so instructors may need to be reminded about some of the
YEGSNRAEFE KSNBI 2N AYRSSR G2 fSEFENYy AG F2NJ GKS FAN
remarks toan intelligent, curious reader who is unfamiliar with the subject.

Experts will, of course, find they can skim over parts that neophytes may need to take slowly.
Likewise, some of our remarks are obviously directed to teachmasew of the more wid@eaching
examples are boxed off: those with limited mathematical background can safely ignore them.

We assume that students following the course have fuwsmal mathematicaltraining beyond basic
arithmetic. The level of prior maths study seems, in our expwres to be a fairly poor predictor of
how well a student will cope with their first meeting wiuclidean geometry Our aim is not to
send students away with a large repertoire of theorems, proofs or techniques. Instead we focus
persistently on what weltink are the important general ideas and skills. In particular, the
construction and understanding of careful proofs is given centre stage.

7TEAO060 ET OEEO "11EIAOe

We begin with some remarks connecting our subject with areas that arts and humanities tstuden

probably know about and are interested in. Partly this makes for good motivation, and helps the

ddzo 2S04 aSSy tSaa tA1S | aYlIiKa O2dzaNES¢ GKIFG adt
Ptttz 68 1y26 AGQAa LISRI I eisgwd ptick Rnowtedgé ané axpediie. 02 vy & ¢
We would also like to grind our own axe a little here: mathematics can be considered an arts or
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humanities subject in itself, and its close connections with philosophy and cultural production testify
G2 0K incuded Som@®@ntentious points that should spark debate.

28 (KSY 2dzif AyS AAE 6aSaarzyaéo 2KSYy ¢SouNbzy G(KS
weekly lessons. We cover much of the same material in anxtaaNJ £ Of 44 aDS2YS{NE
Drawhi y3é Ay (62 AyiSyarogs RIeao ¢KSNBQA Y2NB KSNB

SAGKSNI F2NXI G a2 OK2A0Sa Ydzad 6S YIRS oFaSR 2y

We end with an annotatedibliographyanda list ofonline resources

This booklet and its sistdPerspective anthe Geometryof Vision were made possible by a
generous grant fronsigma the network for excellence in mathematics and statistics support.
www.sigmanetwork.ac.uk

To the Student

al OKSYFGAOa AayQl ljdzadS tA1S yeé 20KSNJ) agizo2aSOoa &
this kind of mathprobablyA & y Qi I2Ay 3 (2 65 aAYATI NI G2 GKS SEL
subject at school. A short course is, we hope, just the beginning of adamgprocess of absorbing,

struggling with and thinking about mathematical idehike Sophie Germain, a s&ltight French

mathematician, you may have to do much of this on your own. Part of what a course like this can do

is equip you, at least a little bit, for that journey.

Studying maths at school is mostly about learning to passquence of standardised tests as part of

a process of social initiation. Most mathematicians will admit that some useful skills are acquired in

GKS LINPOSaasx odzi Ylyeée gAff faz adtaNBaa GKIG GKS
resembhance to what excites thepor towhat they do all daySomevery successful mathematicians
gSNBYy QG 3I22R G GKS &dz22SO00 G aoOK22t® hT¥iSy (GKSE
led the young wident down an alternative patand gavethemah Yy 8 A 3Kl Ay id2 GKS a3I27
Y2a4G GSIFOKSNE I NByQi NBI f f & Eutliddah deamtRanbethisi LISY R { K
GI22R addzF¥é¢ AF AlG adNR1Sa e2dz Ay GKS NRIKG o1 @&

aliKa A& I @SNE 2RR | OUoAK®A (LAN® A SFNBXBINIVK: 2i¢0 &l y[ R NiRig
described the process:

Perhaps | can best describe my experience of doing mathematics in terms of a journey
GKNRdAK I RIN)] dzySELX 2NBR Yl yarzyo  2dz SyiSNJ
completely dark. You stumbkround bumping into the furniture, but gradually you

learn where each piece of furniture is. Finally after six months or so, you find the light
AoAUOKTI @2dz GdzNYy AlG 2y>S YR adzRRSyfteée AGQa | ff
were. Then you move intthe next room and spend another six months in the dark.

{2 SIFOK 2F (KS&S oNBI|{UKNRdAKazT ¢gKAfS az2vySia
over a period of a day or two, they are the culmination 6fy R O2 dz2f Ry Qi SEA &
withoutt the many months of stumbling aroun the dark that precede them.

(Quoted in William Byergjow Mathematicians Think. 1, and in many other places
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The key thing is that the experience Wiles is describingisiati & 2 F (G KS GAYS & 2 dzQN&
lost If it feels that way for him,qu can expect it to feel that way for you too. Although the maths

KSQa Gl t 1Ay 3-powerdditie process @48l #oesHKek! Hki that for most of us, at least

KSY 6SQNBE R2Ay3 Al NARIKGEZ SOSY 6 KShisslgep.QNS (G NEAY

52y Q0 0S5 Y-rhearing peopiedvhossy lefrning maths is a linear process that must

proceed in tiny steps, in a prescribed order, mastering each one before moving onto the next. On

the contrary, we blunder around, confused, reading tisirogit of sequence and going repeatedly

o0l (2 (GKSYZ atz2gte F2N¥AYI | LAOGIINE 2F gKI (GQ3
know. We try thingg whenever we can at Central Saint Martins, meakeor draw things!¢ and

gradually the fog of congion clears, until the thing that once seemed impossible to understand
0502YSa a2 200A2dza 6SQOS F2NH2GGSYy AlG 61 & SOSNIF

To the Teacher

¢tKS | R2SOUAOS a9dz0f ARSIYé A& &adzllJll2aSR G2 0O2yadaNF
more specific: lte course is not a course on tedementdut a wideranging andwe hopé

interesting introduction to a selection of topics in synthetic plane geometry, with the construction of

the regular pentagon taken as oaulminatingproblem

We like to teach thisnaterial, as far as possible, through practical drawing, on the principle that a
construction can baperfectly goodoroof Ay A G aSt Fo LG AayQl dzadaftfte yS
running through the same proof symbolically unless some students fivedps them understood

gKI G 0KSeQ@®S 0SSy R2AYy3Id ¢KSNB INB | FSg LINR2FA&>
02FNR¢ odzi ¢S &l NBFalowigkthe detalisyof the Kr&okiSoptionaa S a

Obviously, drawing and making are fun and can be hilariously difficult, which is all to the good. When
we say that students should figure something out for themselves, we almost always take this to
mean working collaboratively in pairs or in whateaerhac groupings they like; occasionally a
d0dzRSYy G LINBFSNBR G2 62N)] [ft2yS> YR (KIFGQa dzadz f ¢
Gf AIKGSNE YR 3IAQPS addRRSyida | OKIyOS (2 3ISG dzas

T

This requires some emphasis-fipnt on what a construction is and how it differs from, for example,

I NBLINBASY(lIGAGS RNIXrgAy3d 2N+ RAFINIYD LIQa | 32
construction when a particular problem has been solved. Having one student give instruotions

explain their thinkingto another is often helpful.

Arts and humanities students can be surprisingly challenging maths students. They often ask very

awkward questions or develop misunderstandings that are unexpected and rather profound. This is

g Ke etakendime to explain some apparently simple matters in detail, especially in the early
aSaaArzyad [ 2dzNJ YIFIKa FyR LKe&aAOa addzZRSyida LINRBOI G

two lines truly intersect at a single point, but your arts and hurtiesistudents might.

Toolkit
The main activity in geometry class willdawingz a2 ¢S Yy SSR 42YS SljdzZA LIYSy
YSSR YdOKY 2dzad | O2YLI 84 | GaGN}AIKGSRIASES &2 Y

paper are good, we like to use A2lthough that can be a bit uneidy to carryaround. You can get
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started with any old school compass, a ruler, a pencil and a scrap of papeisdll investment in
better tools maksthe whole experience more pleasant.

The compasses we use most oftere &otring Master Bow Compasses like the one pictured on the

f STGT GKS@QNB [dzZA S OKSILI FYyR $2N] ¢6Stf F2N Y2a&(
with an extension bar that allows for bigger circtgselpful but not essentiab L (i Qéful t@t&weR  dz&

a small compass for fiddly work, too. An attachment that will take a pen opens up some options for

finishing a drawing or bringing out important elements; only the very bravest will attempt to use a

bottle of ink and a ruling pen, though maogmpasses come with a suitable attachment.
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J

I aadNIAIKGSR3ISe 2dzad YSlIya lye (22t e2dz OFy dza S
although we emphasise from the start that any markings on it (inches, centimetres and so on) are to

beigf NER® 2 S KI@SyQi F2dzyR Iy I TF2NRImade &oulgtdzLILI & 2
02 LINPGARS | 322R SR3ISY AF 6S RAR 6SQR 3IAPS (K23
with but plastic can be helpful when you want to be ablesé@ undernath it as you work. An

ordinary30cm (1 foot) one is absolutely fine, although occasionally a 50cncamesin handy for

bigger drawings.

1'd F2NJ LISYyOAfazr O2yaidiNHzOGAz2ya 62N)] o0Said 6KSy GKS
guality. $hce harder pencils take and hold a sharp point better, we recommend having to hand

some hardish pencils (roughly 3H) and a sharpener. Any pencil, though, will do at a pinch and the

common HB ones are fine.

You do not need any of the other thingsyournfay Y R Ay | a3S2YSGNE &aSiGéx ac
set squares and so on. Nor will you need a calculator. In fact, such things will be banned from the
geometry classroom. Only the compass, straightedge, pencil and paper are allowed.

On Geogebra

Geogebrds a wonderful piece of free software that makes geometrical constructions quicker and

easier.It can be downloaded heréattps://www.geogebra.org/ This book is accompanied by some
Geogebrafilesthatcan be helffu & Of F AaaANRP2Y RSY2yailiN} dA2ya 2N G
studyingalongg g SQ@S LINPQGARSR (GKSY F2NJ L ff GKS O2yailNH
important or complicated ones in later sessions
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Wewould alwaysecommend using the latest veas, but if using an older one it should be at least
version5li Qa Ll2aaAroftS G2 Nizy GKS DS23SoNI az2f¥idgl
install it on the computerwhich can be convenient in some settings

NI

The main filesve have createdre named after each construction: for example, Constructid? is
found in the fileConstructiorr1.02.ggh When you first open it you should see the Construction
Protocol window, as shown on the right of this screenshot:

X

File Edit View Options Tools Window Help Signin...

. [N -
[R] Al B OO ) [N e 2] &)
¥ Graphics 4 | * Construction Protocol K
hd A~ |E~ |2 &
No.| Caption

2 Arbitrary (long) line

3[Measure with compass (not shown) and pick a
point on tr e to start

4 DO NOT change the compass setting from now on! Draw a
circle centred on the chosen line

5|Mark the point of intersection of the line and circle.

6 Draw a circle centred on the pointjust marked.

eclion of the line and circle.

izl <K | 6/10 | B> g

Input . 1]

Notice in particular the buttonstahe bottom of the Construction Protocol; these allow you to go

back to the start of the construction and then move through it step by step. The caption for each line
gives a brief explanation of what to émd should tally with the relevant text in thidcument.If a

caption is only partially displayed, you can adjust the size of the Construction Protocol window until
all the relevant text appears.

When first working through a construction we recommend clicking |.**_ button to go back to the
start, thenthe ™ 'button to go through the steps one by one. This works best if you have your
drawing kit on hand and can imitate each step on paper as yolf gou cannot see the buttons,
this may be because you have an earlier version of Geogebra and need teriépleth a more
recent version.

Cur files use the following conventions:

f Green262S00Ga IINB G3IA@Syé |G GKS adl NI 2F GKS
presented with before we begithe problem to be solved
f Red202S0O0a INB GKS aGFAYylLfté¢ NBadzZd 2F GKS O2y

the solution to the problem

If you need more hints you can see every step in the construction by choosing not to 'Show only
Breakpoints' in the Construction Promovindow. These are not annotated though.

© Rich Cochrane & Andrew McGettigan
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Somecaveats are in order.

First, to the student: making your own Geogebraresourcer s SG G0 SNJ 0Ky dzAAy3 a2y
An afternoon spent trying to get a construction to work, though it may be frustratribe point of

tears and strong language, and though you might not even succeed in the end, is more educational
GKFy Fye@dKAy3a | GSIFOKSNJ OFy atre (2 &2dzp LT &2dz F
minutes and probably play with them for five @rt, which is not the same thing at all.

Second, also to the student: there is value in physical construction on paper, too. Geogebra can

make the construction process feel abstract and indirect. Especially at the beginning you must
develop the habitofagky 3 ¢ K& | YR K2¢ ¢KI G @2dzQNBE R2Ay3I 42 NJ
G22fa GKIG FNB YSOKFYyAOFffte &aAYLX SY DS23So6NI A&
understand exactly why it does what it does.

Third, again to the student: many dfe figures shown in this booklet are complicadedking. If you

dzy RSNARGFYR (KS aidSLlA (G2 LINRPRdzZOS (GKSYI K28SOSNE
fSTO Ay Fff (GKS O2yaidaNHzOGA2Yy tAySa aiRet2dz R2y Qi
illustrations in most textbooks, but if in doubt focus on the coloured lines. Those are usually the

main points of interest.

CAylffex (2 GKS GSFOKSNY 2F0Sy Sy2dzaK>X RSY2yailNI
getting your students to wik it out for themselves. Showing them the same thing on a computer

screen, which as far as anyone can tell works by magic, idesshelpful. You probably already

know this, of course, and we appreciate there are plenty of times when a demonstrattorig/ht

way to go.
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Background Material

Outline

¢KS 62NR G3S2YSUNBE fAGSNI fdeL ¥Sa yal MR Sk RIdINBYEY
3S2YSGSNBE 6SNB adzZNBSe2NB Ay 938LJiT SOSNE GAYS (F
and reestablish property boundaries and so on in the same way they were before. They also, of

course, constructed large buildiaghat required the precise layirgut of shapes like squares and

OANDf Sasx az2YSiKAy3a (KIFiQa y20 Sraeée (2 R2 o0& Se&Sd
world, in fact, some rough geometricknev2 ¢ Y dza i KI @S 0SS ywritheyft OA NDdzt |
evidence of practical geometric knowledge in the Hisddba Sutrgsvhich may date back as far as

the 8" century BCEand even earlier in Mesopamia and Egypt

Euclid wrote the text known as tie8ementsaround 300 BCE, probably summarising and

synthesising most of what was known about geometry in the Gigmaking world at the time. The
book is important for two reasons: its contents, which are encyclopaedic, and its unusual method of
presentation(to which we return in a moment)

During the medieal period theElementdormed the foundation of mathematics education in both
Christian and Islamic worldsd its techniques were indispensable to a variety of craftsmen and
artisans A series of Arabic translations appeared during the eighth, ninth and tenth centArigsic
thinkers such as ibn-#4daytham (c9651040) anddmar Khayyam (103B141)examinedd dzOf A RQ&
parallel postulate; this work was continued by NasiDai alTusi (201-1274).In the earlytwelfth

century the English scholar Abelard of Bath had made the first translation &l¢meentsnto Latin

from an Arabic sourceand later in the same century notable translations from the Arabic were

made by Hermann of Carinthiand Gerard of Cremonk was not until 1505 that Bartolomeo

Zamberti produced the first Latin translation from the original Greek.

A number of (usually partial) vernacular translations suddenly appeared in the second half of the
sixteenthcentury. Takt 3t A Q& LGFE ALY @GSNBRAZ2Y O 022140 | LILISI
books)] Sy NB . A hdlish (1FddkS @ AL I9Y2 NI y2Qa { LI yAAaK oO0c 0221
Dutch version in 1606. Wilhelm Holtzmann made a German approximation tifghsix books in

1562, but his version is more of a textbook for merchants than a scholarly translation, with only the

more useful results presented and omitting many proofs. Some of these translations rested heavily

on existing Latin editions; it isisidhat Tartaglia made his without any reference to the Greek

original at all.

This follows a general trend of the time for the translation of ancient works into regional languages
rather than Latin. The central importance of tBeementsn almost all edoational systems

remained throughout this period and well into the nineteenth century, and until the early 1600s new
discoveries were rare; Euclid and his contemporaries were taken to have solved most of the
important problems.

In parallel with this is aakcinating story too tangential to be told here: that of the flourishing of
algebra, especially in Italy. The great innovation of the seventeenth century was analytic geometry,
which enabled those algebraic techniques to be brought to bear on classiti¢pra

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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In a sense the story of geometry from that time to today could be summarized by a famous quote

due to Sophie Germain (17#6y o M0 Y &! £ 3SO NI Aa o6dzi gNRGGHISY 3ITS2Y!
Ff 3SONI £ hdzNJ L2t AOe 2y (EABID2JARBSKEENBSIENI 2 A RA
catch some glimpses of this way of looking at things as we go along. Germain, incidentally, was a
mathematical autodidact with no formal training, although she did manage to find some excellent

mentors.

The Importance of Method

¢ KS | NA dzY S yHiemneng&®mneoe®©fohFRAAS & L2 &l dzf F 1S4¢ o601 EA2YA0
y2iA2yaé¢ FyR (6Sydeé GKNBES GRSTAYAUGAR2Yyaéd 0az2yYS 27
definition of a point, and others of which are quite complsuch as the definition of a circle).

In a fine art context we might think of them as the constraints within which we choose to work. The
theory of Euclidean geometry is then the artwork produced by attempting to exhaust the potential
of these constrairg. This, though, is a very modern take on things.

Thecommon notionsare more like common standards of reasoning that can be used in constructing
arguments¢ KSe& | ff aS8S7 G2 Of SIFNJdzZlJ LI2aaAotsS 02y TFdzaaiz2
seem to findthem quite natural and obvious:

Common notion 1: Things which equal the same thing also equal one another.
Common notion 2: If equals are added to equals, then the wholes are equal.
Common notion 3: If equals are subtracted from equals, then the remasrater equal.
Common notion 4: Things which coincide with one another equal one another.

9 Common notion 5: The whole is greater than the part.

=A =4 =4 =9

Thedefinitions are intended to clearly and succinctly capture some geometric object with which
GSQONB | f NBE RENF I YNB ANINGKSNI I f20G a2 ¢S R2y Qi fAa
Session Thre@ he first two are: 'A point is that which has no partddA line is breadthless length'.

LT 9dz0ft ARQa RSTAYyAGAZ2Yya 2271 dzyal GA&ATEFOU2NRI NBY
LINRYOALX Sad ¢KSe g2dAf RyQil KSt LI YdzOKIinkdT 6&52NdB Y3 Sy dzA
0dzi G KSY néedivduld Be tkhRre thanaofieAyS RSTAYAGA2Y® LT &2dz
LRAYGKE aASNAR2dzAaf e @2dzQNB FalAy3d | LKAt 2a2LIKAOIf
RATFSNBYyG G2 al G2KIFIG R2 @2dz YStwébdh&alreadgS G SN¥Y
understand what a point actually is.

Thepostulates are statements about those objects that are claimed to be true without justification.

They arethe startingJ2 A y 1 & 2NJ aNXz Sa 2F GKS 3 YSEsSthetyR Ay F
basic operations of our straightedge and compadsre are the five postulates; we will have a little

more to say about the fifth and most complicattabking in Session Two:

Postulate 1: To draw a straight line from any point to any point.
Postulate2: To produce a finite straight line continuously in a straight line.
Postulate 3: Tdescribe a circle with any cemtand radius.

Postulate 4: That all right angles equal one another.

= =4 4 =

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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1 Postulate 5: That, if a straight line falling on two straight lineges the interior angles on
the same side less than two right angles, the two straight lines, if produced indefinitely,
meet on that side on which are the angles less than the two right angles.

The following is a visual reminder of the five postuldteg fact that there are two images for the
fifth postulate will be clarified in Session Two):

(Image fromWikipedig

Taken together, theseommon notions, definitions and gtulatesk Y& 6 SNJ 0 KS [jdzSadA2yyY
S allINIKé 2SS tA1S (2 LINPOARS LINAYGSR fArada 27
GKSY YR Y2aid 27 (K SMoughntey aré weitiSokiigp O2 $f A OKEH BR Ol
to refer to themoccasionally, althougg S R2y Qi LINBR OSSR &0 NROGEt & | EA2YI

Therest of theElementsonsistanostly of propositionsandtheoremsand their accompanying
proofsandconstructions Each proposition is a geometrical statement, and its proof is supposed t

depend only onthese initialdefinitions, postulates and common notions. Actually, most of the
propositionsandtheoremslookY 2 NB f A1 S OKLI t f Sy3say F2N SEI YLX §=
Fy SlidzAatlFdSNIf GNRIF Y3t &®fi2then d careful, StépystepsetNofF A IKG f Ay S
instructions for making a drawing that answers the challenge. We do this in Session One.

As the book goes omach proof can also lean orgeowing repertoire of previoustproved
propositions. This manner of presentation is still used in maths textbooks today, starting at

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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undergraduate level, and the structure of axigheorem-proof is important in formal logic, too.

This argumentative styleeems to guarantee the validity of its conclusions: it lays its steps out for all

to see and check. If we grant teéartingpointss A G aSSya 6SQNB FT2NOSR o6& O
theorems, too.

In the West, the method of Euclid came into especiallysiiacus in the decades around 1600, at
the same time as philosophelige Francis Bacon (158526) and René Descartes (158&50)

began to think about the nature of knowledge in a new way. How do we get new knowledge, and
K2¢g R2 6S | &a SaealthingKddibR Shislquestienzarisés Krom doubt, uncertainty,
perhaps even anxiety. Questions about the legitimacy of knowledge had appeared on and off for
centuries and are not an innovation in the 1600s, but they receive a new pointedness in that
context. This will be clearest to students who know about the rise of what we would now call
sciences and pseuekriences at the time, or who are familiar with the contemporaneous (but
largely unrelated) upheavals in the Christian chuadking from the Refrmation.

Today Descartes mostly remembered for two things: in mathematics, the invention of analytic

geometry, and in philosophy thiscourse on Methoand theMeditationgp 9 dzOf A RQa 3IAS2Y S
looked to Descartes and his contemporaries like a road mapeftainty. Nobody doubted what it

contained because it was laid out so plainly: if you understood, you could not doubt. Why could all
knowledge not be like this, if it were discovered and set out carefully enough? This thought led to

many attemptstochJ® 9 dzOf ARQa YSGK2R Ay 20KSNJ FASt Rao ¢ K
these were not entirely successful. Perhaps mathematics is a special subject that needs its own

methods?

As it turns out, theelementsontains a number of examples of dubiousrcomplete reasoning

the first appears in Propositioncland Bertrand Russgll8721970)was particularly scathing about

those who claimed it as an example of perfect rationalityhisFoundations of Geometrpand

Hilbert (18621943)replaced Euc A poSidates definitions and common notions withnew and

more rigorous set of axiom$le was able, using the powerful new tools of formal logic, to &geth

problems and to prove that if basic arithmetic contaiscontradictions then nor dodsudidean

geometryd ¢ KA & Aad Yy2GKSNJ FNHZA G 2F GKS ARSyGAGe 27F 3
plain. Philosophy students with a course of logic under their belts may enjoy travelling a little further

along this road.

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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First Session: Methods, Attitudes and Goals

Summary
The purpose of this session is to get students familiar with using the straightedge and compass, to
dzy RSNRGFYR ¢KFG AdG YSIya (2 aR2 || O2yadNHzOGAZ2YE

basic constructions:

Circle with gien centre and radius
Perpendicular bisector

Angle bisector

The regular hexagon

=A =4 4 =

We therefore covePropositions 13, 9 and 1Grom Book 1 ofthe Elementsaand a few other topics.

Our overriding aim is to get students used to doing constructions, and develop an initial

dzy RSNRGEFYRAY3 2F ¢gKIFG GKSE@QNB | o2dzie 2S fA1S G2
axiomatic approach and its importance (da&ckground Material). We find that the bisector is

particularly challenging for students to master and repeated practice with the construction of
perpendicular lineshrough given points is cruci@gssiormfwo provides many opportunities for this

What is a Construction?

A construction is a drawing made by following a sequence of steps in accordance with our

postulates. Each step is something simple that we can understand how to reproduce exactly.

Because a construction is made of simple elements in aegexg, though, you can communicate it

G2 a2vYS2yS StasS IyR AF (KS& OFNNER 2dzi GKS aidSLia

A construction is repeatable: if your steps are written out clearly, someone else can follow them and
get exactly the sameesult you did, at least within a margin of error for the inaccuracies of our tools
and handsThis is one reason why we like to ask a student who has a proposed solution to describe
the steps to a fellow student one by one: this process tends to reveajapy or ambiguities in the
solution.

You can imagine how useful this was to ancient architects who wanted a team of builders to lay out,
alreéx | fFNHS 3ANRdzyR LIXIY AYy | LISNFSOG aljdz- NEBod LT
might sketcha small square on paper, you should try it some time.

This means a construction needs to be made with a different kind afirigad care from a freehand

drawing. What you get in return is that the construction is a piece of mathematics all to itself: not

that we can explain or describe it with maths, busiy 6§ Ka® Ly YIF{1Ay3 O2yaidNHzOi
maths just as we are (in different ways) when we carry out a calculation. A construction is a proof: its

steps form an argument.

AbitofjargonofouR 6y Y $S dzaS aO02yailiNHzOUA2Yy ¢ (G2 YSIyYy SAGK
or the finished product jfat leastto atrainedeyél KS a4 G SLJa NS 200A2dza FTNRY
mean any picture, including any construction, especially when we want pihasise how the final

result looks rather than the steps taken to get there.

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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A Note on Lines

Euclidean geometrgontains nothing infinitely large; all its objects can be drawn on an ordinary

LIASOS 2F LI LISNXY 2KSy Y2RSNY oftenhd¢SityrhindarOfinitgfya NS F S N
SEGSYRSR &GN AIKG fAySsT odzi wibutkivithgie@gmany 8 SR K A
finite straight lineswhoseend-points are clearly visibleln this image, for example, we can imagine

the dotted line @ing on forever (or as far as we like, anyway) in both directions, and thieneed

segments just a finite part of it:

Alinesegmenh & | doAlG 2F (-BYYBKa&A2NIE &6 ODS2ET R¥YSe2dz f
never really measure lengthith anystandardnumericalunits, such as centimetres or inches

9dzO0f AR I f f 2 ¢ &lines@gmérgwhiéhLdeEnKRid2tBrd it by laying the straightedge

Ff2y3 A4 FYyR YIFI1Ay3 Al t2y3ISNIAYy GKS &tend® RANBOIL
you may find the technique useful in the middle of a construction when you discdirer segment

A& &aK2 NI SN ThiKis 9K bécaudeQtiRe seginens deally a part of an infinitely long line,

FYR 6SQNB 2dzail Gygaphdthay Bwadiefore 1S Al |
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Copy alLine segment and Draw a Circle

Our first construction will solve the problem: Givehree segmentcopy it, andhen construct a
circle with aradiusof the same lengthas theline segment Youmightbe & 3 A @& o évork with
by your teachepr you candraw aline segmenbf whatever length you like.

Forthis first construction and many others there is no constraint on how you start. Our word 'given’

gAtf 2F0SYy AYRAOIFIGS 'y | NbBAGNI NE gienineNdgheda LI2 Ay (d
S 2dza i Y Siheyegmea®S WE Q& S | LE td Bawit yiours@lfibut® might alsdoe

GAAGSy ¢ (2 eaddzandination qudast®br & psabtiEal constraints of a relife

problem

photos: Clunie Reid

Now, the task is to draw @irclethat has aradiusof that same length. Drawing cles is thgpurpose
of the compass. Some students may need to be reminded of the following definitions:

91 Acircleis the set of points that are all the same distance from a special pointehte,
GKAOK AayQi 2y GKS OANDE S
1 Theradiusof a circle is thalistance from the centre to any point on the circle.

2 A0K GKS&S RSTAYAGA2Ya AY KIYR A (RistwetBodse& | NR (2
NI} RAdza o6& aShidAay3a (GKS 02 LlyRZTQal 2f JBA GISNOINSIEF By R
just means qualitatively how far apart they are, independenflgny system of measuremerithen

we fix a centre for our circle by sticking the spike of the compass into the paper. This point remains

fixed while we rotate the drawing tipat the end of he other leg around that fixed pmt. We can

do these actions in the other order too: stick the spike, then set the radius.

The circle can be drawn anywheyreu likeon the page And you can make multiple copies of that
same circleas long as you don't@ange the position of the legs between each cifthes means that
the compass is also a device for measuring stodnglengths.

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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The compass is the only tool we use in this course that masraory This will be crucial to many of
the constructions we do. Byirtue ofthis memory capacity in the compass, we knmyvconstruction
GKFG GKS OANDE SQa NIRAdza Aa Sldzrf G2 GKS 3IAGSy f

Note, therefore, 0 K+ G 6 KSy & S lingd $e§mens akeStie Samienig®e = 6S R2y Qi YS
the same length measured in centimetres or inches or whatever. We medméhsegmend are

congruentA Yy G KS aSyasS GKIG S O2dZz R fFre GKSY 2y (2L
without one jutting out beyod the other. This idea is drawn from our ‘common notions' of 'the

same as' or 'less than' or 'more than' (from one perspective, there is no concept of 'length' in Euclid

only whether two linesegmens are equal or ‘congruent’).

Instead of eyeballingitw@f f dza S G KS Olhdetim@rbndicay ivsdme@hEE® élse;l
perhaps an unexpected use of a tool you might think is only good for drawing circles!

Thissame technique enables us to copy a gilreea segmenbnto another line, as we now show.
WS Q éhSsen to illustratehis one with photographs to avoid some of the ambiguity and
awkwardness inherent in detailed written descriptions of physical movemalifsiture
constructions are illustrated in Geogebra.

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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Construction 1. 01
To draw aline sggmentof the same length as given one

1. To start us off, dine segments given.

You can just draw any arbitraliype segmentf
82dzOQNBE g2NJ Ay3d 2y @2

2. Draw a second arbitrafjne segmenusing a
straightedge.

= ¢KS fSy3dK AayQi AYL]

definitelylongerthan thefirst line segment

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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3. Put your compass spike at one end of the
givenline segment

4. Stretch the pencil point of the compass to
touch the other end of the giveline segment
0KA& aadil2NBa dinesdgSenth S
82dzNJ O2YLI 34aQa avSyz
Do not change the width of your compass for

the rest of the constructiorng otherwise this
precious memory will be lost!

5. Place your compass spike where you like
along theline segmentyou drew in Step 2.

i LGQa 6A&S G2 Lidzi Ad
why shortly).
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6. Find the point along thine segmentvhere
the drawing point of the compass intersects tf
line segmentYou can draw a whole circle, thg
S relevant arc othe circle or just place the
drawing tip on the point you require.

7. Put the compass spike in the mark you ma
in Step 6 and maka secondnarkwhere the
compass spike was placed in Step 6

You have now constructed a néiwe segment
¢ the one that lies between the two marks

which has the same length as the one you w¢q
GIAXADBSYE D

We can repeat this technigue as many times as we like to constiiret aegmenthat is a number
of times longer tharthe onegiven. In Construction @2 we make dine segmenthree times longer
than the one we were given. The first five steps are just a slightifer descriptionof the seven
step procedure just described above.

As in future constructions, we show a picture of the finished figuregavel a sequencef verbal
instructions. fiese correspond to the steps in the Construction Protocol window in Geogebra, so
refer to that if anything is uncleaRemember, the corresponding Geogebra file shares its name with
the construction title below.
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Construction 1. 02
Given aline segment to create aline segmenthree timesits length.

Aline segments given(shown ingreen)

Draw a second arbitrafjne segmentsing a straightedgéshowndashed)

& { G 2hBBngth of thegiven(green line segmentusing the compass.

Place your compass spikaywhere you like along the secotide segment(Theoneyou

drew in Step 2

5. Find the point along théne segmentvhere the drawing point of the compass intersects the
line segmentYou can draw a whole circks Geogebra does, or juste parts that cross the
line segmentYou have now constructed a ndiwe segmentvhich has the same length as
the one you were 'given'.

6. Repeat theSep 5twice more. Each time move your compaskepn to the intersection

point just created to findhe nextintersection point.

-

Hpowbdh PR

You have now constructed a ndiwe segmentvhich is three times as long as the one you were
YiverQ(The achieved construction wallwaysbe shown in red). This is an ionpant practical
technique and alsthe startofr G KSYS ¢SQff NBGdzNYy (2 aSOSNIft GAY
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Equilateral Triangle

Having learnt the fundamental techniques of straightedge and compass constructions, Euclid's very
first proposition is now open to us. It depenads the properties dthe intersections we creatd he
problem isto construct a triangle whose three sides are all equal lengtisequilateral triangle¢

given the length of one side in the form ofime segmenbn the page.

Construction 1. 03
To construct an equilateral triangle on a givéine segment

Aline segments given.

& { G 2 NBngthdf tkiSine segmenusing the spike and drawing point of the compass
Keep the compass in place amdce outa circle.

Without changind S y @A iii 8 Nd@hR éompassrepositionits spike at the other end of the
givenline segmentaindtrace outa second circle.

5. Thesetwo circlescross (intersectat two points.Choose #her of these intersection points
to be the third corner of the triangle arjdin it to the ends of the giveline segmento
complete the figure

AP wNPE

The corners of the trianglecalledverticesq are the centres of the two circles and a point where
the circles cross. Since each of the three sides of the triangle is a radiuses wiittl the same
radius each side is the same length.

The key idea here used many times in future constructioggs that any point where twequat

sizedOA NOf Sa AYyGSNERSOG A& (GKS &l Y SSinéeiha dompassS FNRY S|
g I a gdmsied between drawing them these radii must all be the same length. In a sense the

compass haalreadymeasured all théine segmerd | YR LINP PSR (KS@QNB GKS &l
figure was being drawrsince thdine segmerg were all constructedithout changing the compass

at all.

CKSNBEQa y2 ySSR (2 NBLIyIméasulingiwhichdsgvoheaOywayff2 y | F (0 S
we understand how the triangle was constructed, and we believe it was done accurately, that on its

own constitutes groof that the sides are all the same length, at least within a margin of error for

accuracy. If the construction were carried out with perfect accuracy, thelsiugths would be

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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exactly equal. Another way to put this is to say that any error can becestlas much as we need by
using better equipment and working more carefully.

Notice that in Step 5 we did something new. We had two points and we joined them by drawing a
straightline segment This may not seem worthy of consideration, but notice that méer we

have two points, we can always do this with just one unisaight linesegment | 2 dz Ol y Qi RNJ
two differentline segmers that join the two pointg A ¥ @ 2dz G NB X (0 KSdle@dtdne 2 S NI |
won't be straight On the other hand, yo® I y Qi LJdzi (62 R2 G dcarhofbel LA SOS =
joined by a singléne segment Thesdacts will be used, silently, throughout our constructions in the

future.

Perpendicular Bisector

Our next construction also depends on the properties inherethénconstruction of the Equilateral
triangle. It may appear simple but the ability to dume segmend in half- to bisect- will be
fundamental to more complex constructions. It is important to master it thoroughly. It will return in
a different contextin Session 2. The polygon constructions later in the session give some more
opportunities for practice. The problem: givetime segmentconstruct the point exatly in the

middle of theline segment The construction is almost exactly the same as thefonan equilateral
triangle.

Construction 1. 04
To constructa line segmentthat dividesa givenline segmentexactlyin half.

1. Aline segments given.

2. a{ 02NB¢ K $inetefnyfeBtiitikthecdmpasK S

3. Keep the compass in place amdce outa circle using théine segmen® l&ngth as the
radius.

4. Without changing the length stored by the compagpositionits spike at the other end of
the givenline segmentindtrace outa second circle.

5. The two circles constructed will have intersectedvabtpoints.

Draw aline segmenthat connects these two new intersection points.

7. Where this newine segmen{red) crosses the givdime segmen{green) is theexact
midpoint of the giverline segment

o
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The symmetry of thisonstruction- which produceswo equilateral triangles with a shared side (the
givenline segmenk- means that thatine segmentonnecting the two constructed vertices (neither
on the greenline segment must cut their shared side in half.

Theline segmenthat defines the midpointh & ' y2 G KSNJ GSNE AYLERNIFYyd LINEI
Y2NB GAYS 6A 0K A perpéniiGilans thé&dligingl §isiedire Begnventin intra

familiar geometrical jargon we say the line segme@tsl2 a & &l G | NAIKG | y3If Sz
squae. The way Euclid says it is that the angles on either side are equeddtiee segmeni & y Q (i

Gt SFYyAy3aé Ay 2yS RANBOIGA 2ing sepyrivantink évidetdykBedty a5 € | G A O €
the figure makes this claim at least plausible

Angle Bisector

| SNB (GKS &l YS LINRPLISNIASE 2F AYGSNESOGAY3I OANDE S3
O2yaiNXzOGA2y 2FGSy odzi AGQa Slraeé G2 R2 YR Aa &z
skipped or assigned as homework). Note that as a length is just given byime segmentwithout

units d measurement, so an angle is just tfirme segmers crossing, without degrees or suchlike

getting involved.

Construction 1. 05
To cut a given angle in half.

1. We are given twdine segmergwhich meet at a point. Let us call this point A.

2. Place the compass spike at A.

3. Setthe compass to any length shorter than or equal to the shortest of thdih&o
segmens.

4. Trace oufa circle that crosses botfine segmend to create two new intersectian(all them
B and C).

5. Keeping the compass unchanged draw two new cirdies centred orB and one on C

6. These two new circles will intersectAatvhere our two givedine segmenéd met and at a
second new pointdall itD).

7. Draw a newine segmenthat connects Ao D.

This newline segmen{red) cuts the angle between the two givkne segmens (green) in half.
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As with the previous construction we can use the symmetry of the figgnearanteed by its

constructionci 2 G aSSé¢ GKI G (béebdividddind iwktuilonksyfdé dsaw il &

two additionalline segmend (orange in the image below) we can see that, by construction, triangles

.5 YR !'/ 5 IINB O2y3aNMHzSydT Ay FI O SiheGdgmenti | a YA
Thissymmetry means that AD cuts the original angle inhalfA ¥ A G RARY QiG> GKS GNAI
there when they were flipped over along the ride segment

The angle between twbne segmerd  OF'y 6S (K2dzZaKdé 2F Ay (datuinA @St & |
oneofthelinesegmerd (2 3ISG AU G2 LRAyG Ff2y3 GKS &1 YS RA
O2YLX AOFGSR GKIYy (KAa 00KS likeségdrnd] whitlyaregrdndlikd 06 S (0 S
FNNBga 2N a@SO0l2NBéEe aazi i KAQE FFOAEHE HASNBRAA B2y Qi
the angle bisector tells you how much you have to turn bine segmento get it halfway to

pointing in the same direction as the other one.

Angles Made By Lines
We looked at angles made byo line segments that are joined at their ends, but we could also look
at angles made by a pair of lines where they cross:

When the lines cross they make a total of four angles. If we think about lines as something like
GRANBOGAZ2Y At WPERLEEYFCSOI VA AESdzNKA G GKS INBSY |y
Think about turning the green line until it lies on top of the red line, using the point where they cross

as the pivot (like the hinge in a pair of scissors).

If you turn the top part of the iggen line clockwise down through the green angle, the bottom part

of the green line will inevitably rise through the pink angle. Similarly, if you push the top part of the
green line anticlockwise through the dark blue angle, the lower part will sweefheuight blue

(cyan) one.

2 SQff aK2g¢g GKIG (KS 3 NMBSplooflisyust theFayle for the/bHié & | NE S |j
cyan ones.
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First, notice that the green and cyan angles must add up to half a turn, since if you turn the green
line through bothof them it ends up looking exactly the same, but with its top and bottom portions
swapped over.

Second, notice that the same goes for the cyan and pink angles; this time imagine turning the red

fAYyS GKNRBAAK 620K 27F {KSonywithisReft and @bt portiGng R dzLJ f
swapped.
QELINB&aaAy3d GKAA Ay | a2Nl 2F alt3SoNréx 6SQ@S

GREEN + CYAN = PINK + CYAN
which implies that
GREEN = PINK

as we hoped.

The Regular Hexagon
The equilateral triangle is an example of a regular palydror our purposesaolygonis a figure
that ismade by connecting (straighihe segmend and whichencloses an area: think of

221

al

demarcating a piece of territory with straighéctions2 ¥ FSy OAy 3 GKI G R2y Qi Odzi

CNALFYy3IfSas &ljdzad NB& FyR KSEIlF32ya | NB | fflined2f &3
segmens.Thef SGGSN) - Aay Qi 06S0OFdzaS Al R2SayQi Syof 2

Aregularpolygon is one that meets two bér criteria:

9 Its sides are all the same length,
9 The angles between its sides are all the same size.

In order of how many sides they have, tiirst regular polygons aresquilateral triangle (3 sides),
square (4 sidespentagon (5 sides), hexagon (6 sjieheptagon (7 sides), octagon (8 sides) and so
on.

Which regular polygons can we construdgth our straightedge and compaés L G Q& y I { dzNJ £
sSQftt S@PSyiddzrftte oS FoftS G2 O2yadaNHzOG | atf 27
though, that we can do quite a few with the constructions we already have in our toolkit.

In particular, on the basis of the equilateral triangle construction we can construct the regular
hexagonThis is an example of an important technique of dravling NS 3 dzf | NJ L2 f @ 32y
around the circumference of a cirohdgth a fixed length (stored by the compass). Note that at steps 7
FYR y GKS O2NNBOU AYiSNARSO(GAZ2Y LIRAY(Gd Ydzad oS
obvious which ishe right one to pick.
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Construction 1. 06
To construct a regular hexagon on a giviame segment

8.
9.

Aline segments given.

G{ G2NB¢& (K Jnebegnentisikg tie Fompakss not change the compass
setting from now on!

Keep the compass in place amdcea circle.

Reposition the compass spike at the other end of the giltem segmentandtracea second
circle.

The two circles constructed will have intersected at two poiRisk either one of them and
draw a third cire centred on it.

This new circle will cross the other two at two points. Mark them and connect each end of
the givenline segmento the intersection point nearest to it. Weow have the firsthree

sides of a regular hexagpits sides are the same lenglls thecompass setting

From either of these new intersection points (call it A), draw another circle. This will create a
new intersection with one of the existing circles (call this point B); joining A to B gives the
fourth side of the hexagon.

Repeat he previous step on the other side of the figure; this gives the fifth side.

The sixth side is obtained by joining up the grants of the last twdine segmers.

We end withanother wayto construct a regular hexagon. this casave are not given a sidef the
hexagon but rather a circle it must fit perfectly inside, with all six vertices just touchig isay the
hexagon isnscribedin the circle We assume the centre of the given circle is knayifinot, we shall
see how to find it in Constructica 10.
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Construction 1. 07
To construct a regular hexagon insced in a given cirle.

1. We are given a circle and its centre.

2. Draw anyline segmenthrough the centre of the circle, intersecting it at two opposite
points.

3. & { ( 2hB#dius of thegiven circleusing the compasand draw a copy dhe given circle
centred on one of the intersection points.

4. Markthe two pointswhere thecircumference of thaew circle(copy)crosses the given one.
You will now have four of the six veritneeded on the circumference of the given circle.

5. RepeatStep 3 buusethe second of the 'opposite points' constructed in Step 2. The new
copy of the given circle will generate the final two vertices.

6. This gives six equalpaced points around the cie; join them up to finish the hexagon.
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Second Session: Parallel and Perpendicular

Summary
This session focuses on pHel and perpendicular lines, buteabegin by revisiting something from
0KS LINB@GA2dza aSaarazy GKFIG 6l ayQid SELX AOAGY | RRA

We meet two constructions of the square, one very efficient and the other very explicit. We extend
this second version to comsict general parallelograms. These use two simple and useful extensions
of the perpendicular bisector construction.

We then consider division ofleme segmeninto more than two equal parts, largely as a

demonstration of the power of parallel lines. Thenstruction is conceptually easy but fiddly; unlike

iK2asS ¢SQ@S &aSSy tatal obviodsmvhyht #ak@ NAK KM EQ & Sy 3/ SSR ¢ K|
Theoremin our sessionthisis done(along with its proofas an optional presentation. We include it

atthe end of this Session.

Note to Teachers

¢tKS RA&aOdzaaA2y 2F LINXfttSt tAySa Oy o6S 3INBIGE @
RSTFIFEYAEAFNRT AYy3 ARSIFA tA1S aGLINFEESté¢ GKFI{ &aSSy
Addition and Subtracti on of Lengths
Since it can copy lengths, the compass allows us to do something else: it allows us to add and
subtract lengths. So, here are twery easyproblems:

1 Given twaline segmers, construct thdine segmenthose length is the sum of them.

1 Given tvoline segmers, construct thdine segmentvhose length is that of the longer one

minus the smaller.

The resultindine segmenshould be straight, natwo line segmerd 22 Ay SR 6AGK | a1 Ay

try to find solutions yourself before reading qrif your solutions are different from ours, they might
still be correct.
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Construction 2. 01
To add twoline segmenstogether to make ondine segment

1. Twolinesegmergl NB 3JIA GBSy o0A0Qa Y2ad AydSNBaday3
Construct a thirdmuch longeldine segmentvith a straightedge.
3. Use the compass to copy the length of one of the giirmsegmerd. Mark off that length
on the thirdline segmentou have just constructed.
4. Repeat for the other giveline segmentstarting from one of thegoints you created at the
previousstep.

N

Construction 2. 02
To subtract ondine segmentfrom another to make a newine segment

1. Twoline segmenrd are given (theynusthave unequal lengths).

Construct a thirdine segmentmuch longeline segmentvith a straightedge.

3. Use the compass to copy the length of the longer of the two givensegmerd. Mark off
that length on the thirdine segmentou have just constructed.

4. Copy the length ofhe other, shorter givedine segmentand again pick one of the end
pointsyou created at the previous step.

N
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5. This time, howeveryou are looking for the intersection point formed by the circle that goes
"back on itself" tax Odzi 2 T F droniitle Aast onk tBeyfein@iking length is thamount
left over; the londine segmenmminus the short one.

Note that with subtraction the order of operations matters, while with addition you can begin with
either line segment to reach the desired result.

Maybe these operations g6Q 0 & S SY b wkdoubidizbdtiang any numbersrainits of
measurement, we can now do arithmetic withe segmerg. We can even solve simple equations.
For example, try this:

1 Suppose we are givenliiae segmenfrom which another length haalreadybeen
subtracted. @en the length that was subtracted, construct the origilva segment

This problem is equivalent to solving the equatiornyx= z where

1 xis the original, unknown length we need to construct

1 yisthe amount that was taken away

T 7T Aa GKS fi®yidik sSQNB S
Using algebra we solve this equation by adding y back onto z to retrieve the original length. Note
that this ispreciselyhow we solve the problem with straightedge and compass. If students have any
trouble with this, give them sticks of the appmigite lengths (wooden kebab skewers are suitable)
and they will quickly see what to do: put together the new length and the bit that was cut off to get
the original length back.

The following problem is, of course, similar and any students who got stuitiegrevious one
should be able to do this one without any help:

1 Suppose we are givenliiae segmento which another length haslreadybeenadded Given
the length that was added, construct the origitiae segment

Of course, this is equivalent to solg the equation x + y = z where y and z are known. We can do
something similar with angles; the only difficulty is in copying an angle. The early stages of this
construction are identical to those for bisecting an angle.

As anoptional exercise, take thee giverline segmeng, X, y and z (with x longer than y) and
construct theline segmenthat correspondsto3kH e b [ @ | 2dzQf f ySSR (2 02 VY«
2.1and 2.2.

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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Addition and Subtraction of Angles
We can create the same kind of arithmefiic angles, too. The resulting constructions are

33

32YS8GAYSa KryRe T2NJONBIGAY3 Y2NB O2YLIX A O GSR

though, so they can safely be skipped.

Construction 2. 03
To copy an angle

Two line segmerg are giverthat form an angle at point A

Place the compass spike at poft

Set the compass length to any length shorter thla@ shorterof the twogivenline
segmens.

Trace out a cilte, creating two intersection points.

AW

o

Draw aseparatelongline segmento serve as the startingoint for the construction.

6. Without altering the compass length, move thpiketo one of the end points of thiong

line segmenanddrawa new circlawith the stored length This will creat®ne new
intersection point on thatine segment

7. Retun to the two joinedine segmens. Place the compass spike on eitiv@ersectionpoint

anda & (i 2hdldistancebetween the two pointaising the compass

8. Now back to thdongline segmentPlace the compaspikeon the intersection point there

anddrawa circle.

9. This construction circle will intersect the cirgleu drew in Step @&t two points. Choose

either of these

10. Draw aline segmenfrom the chosen point back to the endpoint of the ldinge segment
You have copied the angle from the left hdime segmers to the right handine segmens.

{2YS a0dzRSyda YlIe& 0S ¢62NNASR o0& UGKSwhdRBay 2F dal
seem problematicOne way to work on this is to copy the same angle several times, making

GAYS® b2i
alYSé¢ O06KAOK A& y2 3Fdza N yidiSS 2F yeiKAyYy3IHO 0dzi

different arbitrarychodDSa F2NJ 6 KS FANRG OANDES SI OK

construction works independently of this initial choice.
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Note to Teachers

Thestandard proof that this construction works appstd properties of congruent trianglesVe
cover those properties in the Third Session.

Now that we can copy an angle, adding and subtracting two angles is quite straightforward. Think of
adding angles ithe following way. First, face along oliee segmenand turn by the size of the first
angle. Then turn again, this time by the amount of the second angletotdlengle turned is the

sum of the two.

Construction 2. 04
To add two angles together

We ae given two pairs dine segmens. Each pair meets at a point.

Draw aseparatelongline segmento act as the base of the construction.

Copy one of the angles onto tHise segments in Construction 23.

Now usethe newly-constructediine segmentn the previous step as the basand repeat
Construction 203 againwith the second given angle.

Pwbdre

The colourcoding of the angles in the following image may make the idea clearer:

In the final construction, we turn by the amount of the orange angle, thethb amount of the
magentaone; the total amount turned is the sum of the two.

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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Subtraction of angles is much the same: intuityvgpeakinginstead of turning furtbr around in the
samedirectionwe rotate back in theoppositedirection. Youmay like to take some time to

experiment with adding sequences of angles, especially when they sum to more than a complete
OANDES o6ocnx0X FYR gAGK &dzodGNI OdAy3 oA3 Fy3AfSa

Note to Teachers

One could extend this into various physical adtegt and perhaps add in work with bearings from
the GCSE syllabus, although this has never seemed relevant and interesting enough to us to merit
the time it would take up. If this course were leading, for example, towards work with linear algebra
or analyic geometry this kind of diversion might be worth considering.

Perpendicular Lines

We return now to the bisectofConstruction 104). We know that it enables us to divide in half but
the line segmentve construct in the process has another, very importahationto giventhe line
segmentthey areperpendicular The means it crosses the origifink segmentt the same angles
on each side, which we callight angle:

You can interpret the same drawing as a sum of two right angles making a perfectrhadr, to put
AlG |yl OKNR Y A & (i Xdbsiderf(adddraly, if iede¥dary) 2vAat theysumxoftfour right
angles is, and hencéé¢ sum of two halturns, if thatli S NI A y 2 Gl@ati@oo mdcly dai
giveaway.

If we imagine extending theerpendicularline segmento an infinitely londine, thiscan also be
thought of as the set of all points that are equidistant from the two constructed intersection points.
The circles used in the construction give a strong hint about why this is the dasdollowing

diagram is suggestisee Geogebra file Sessiari).

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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Construction 104 shows how to create a perpendicular through thlpointof a giverine
segment but we will need to be able to create them at other points, too. We consider now two

constraints on the location of the perpendicular:

1 Given dine segmentand a point on it (not the midpoint), construct the perpendicular

through that point.
1 Given dine segmentand a pointot on theline segmentconstruct the perpendicular

through tha point.

LT @2dz2QNB FSStAy3d O2yFARSYG @2dz O2dzA R GNEBR (2
a little ingenuity is needed.
Once you've graspetie ideatheseare not difficultconstructions to carry oybut many find the

methods countemtuitive at first. Since they provide the key to constructing paralieésallow
plenty of time to practice these two techniques.

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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Construction 2. 05
To construct a perpendicular to a givdime segmenthrough a given poinbn the givenline
segment

1. Aline segments given, along with a point somewhere on it.

2. Draw any circle centred on the given point that intersectslthe segmenat two points.

3. Putthe compass in one intersection poiptit the drawing tip orthe other and draw a
circle.

4. Repeat fo the other intersection point.

5. Mark the two points where these larger circles cross.

6. Join then to obtain a perpendicular to the giviame segmenthrough the given point.

Note that steps & are just the perpendicular bisector construction, but usingsoihat we know
(by constructiorfrom Step 2) are equally spaced either side of the point we want our perpendicular
to cross.

The same approach can be used to solve the second problem. An arbitrary circle centred on the

given point is used to make twot@rsections on the giveline segmentthe only difference here is

GKFG GKS daF NDAGNI NBE OANDES Ydza il 0 JnevdgRefatt I NBH S
two distinct poins.
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Construction 2. 06

To construct a perpendicular to a givdime segmentthrough a given poinbff the givenline
segment

1. Aline segments given, along with a poimiot on it.
Draw any circle centred on the given point that intersectslthe segmenat two points.

Put the compass in one intersection poiptit the drawing tip orthe other and draw a
circle.

4. Repeat for the other intersection point.
5. Mark the two points where these larger circles cross.
6. Join then to obtain a perpendicular to the giviame segmenthrough the given point.

Note that this constration is essentially identical to 2.8bu may fin® 2 dz Ol y Qi O NNE 2 dzi
because the circlerdy crosses the givdine segmenbnce:

If so, simplyextend the giverine segmentdzA A Y3 @ 2dzNJ a0 NI AIKGSRIAS dzy G At
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Parallel Lines

YouYlF &8 KIFI @S 6SSy (2fR GKFIG Gg2 tAySa | NB LI NFftfSt
to us. After allthe linesin our constructiongre finiteline segmerg. Thesdine segmend, for

exampley SOSNJ YSSG odzi KS@QNB y2d LI NFtfSty

/'

9 dzO fownrD@fition 23uts it this way

Parallelstraight lines are straight lines which, being in the same plane and being produced
indefinitely in both directions, do not meet one another in either direction.

¢ KA & FRBaBlyhglus to decide when twiine segmers are parallel, since we might produce
GKSY F2NJ I @SNER f2y3 RAaGryOS FyR adAatt y2G 0S5 3

A betteridea isfoundin the famous Fifth Postulate:

if a straight line falling on two straighihes makes the interior angles on the same side less
than two right angles, the two straight lines, if produced indefinitely, meet on that side on
which are the angles less than the two right angles.

This is certainly a strangeoking way to define partlSt f Ay Sa s

YR AGQa 62NIK
dzy LI O1Ay3 Al FyR &88SAy3 K26 Al N

. G18a G2 GKS yz

o _

f
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A good way to do this is to draw some examples of the setup Euclid describes: thatlisgtwo
segmensand- Y2 i KSNJ f @Ay3 | ONRP&aa (GKSY® 2SS GKSY ARSY(GAT
aARSeY

We can copy and add up those angles (Constructiof) 20 see what we gefThe original figure is
on the left and the resulting sum of the two angles is onrilgat (see Geogebra file SessiarR).

Are the twa green lines parallel? PR }[ ~

Adding the two (green) angles gives more than 180°
The green lines arent parallel!

b2GA0OS (GKS NB&adzZ G A dmode 2haiBwo dight-aygledslit intHitivély obvirld = & 2 A
that the angles on the other side must add upéssthan two right angles® dzOf A RQa CAFTIiK t 2
says that if they do, théne segmerd | NBy Qi LI NI f f 8nfthatlsifeRwesestdnd Ay FI C
them far enough.

Since the angles on this (left) side of the segmenthat cuts the other two add to less than two
right argles, Euclid says the two lines should méétat should eventually happen if we prodube
line segmerd on that sideand we can see that thisirsdeedtrue:

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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Notice that Euclid says tHime segmers are to beproducedd A Y R S F@thAtAsiivg g @ (i

necessarily know how far we have to extend them ahead of time. Itdoe¥ Sy GAY FAYA UGS &
0S0OlFdzaS 6AGK 2dzNJ aGNI AIKGSRIS YR 2dzNiheFAYAGS  A(
segmentinfinitely farco dzi f dzO1 A f & . 1BtieyORNDSY iR (y I SRNILSAMBURtO dzf I NJ | K
we have to extend the lindsefore they meets always finitt 42 ¢ SQNB diieAf f G2NJ] AY
segmens rather than (infinite) lines

Note to Teachers

Ly FFO0dx 9dzOf AR B atoplediSchalafly debatld@niey; foesainpldsiftsy S &
GKNRdzAK GKS (SEGdzt SOARSYOS FyR O2y MendeRf.d GKI G
53). Infinitely extended lines are never needed for any of the geometry we cover on this course,
since all of itan bedone by practical drawingn a finite sheet of paper.

9dzOf AR R2Sa NBFTSNI (2 AYFTAYAGS tAySa SELX AOAGE & A
what Aristotle cadl & LJ2 (i S ¥ (ic/a link that gaF e ¢xiedideéat far as we wisgor an
Gl Ol dzI £ Mddefrifratfidmatiiandtend to see no problem with actually infinite lines, sinde
GKS@QNB a2 dzaSR (2 KIFI@Ay3a | 00Saa G2 GKBivedAl Ydz
think the distinction is philsophically important.
Constraining ourselves to the potentially infing@g KA OK ¢S Ol f fcat léaktSentsioy RS FA Y A

be consistent with the geometrfzucliddevelops We reserve discussion of actual infinities for our
follow-up coursehat includessomeprojective geometryPerspective and the Geometry of Vision

Now, if the setup is such that the angles are equal to right angles on both sides, the fifth postulate
implies that however long you produce therthe two line segment g 2 ye@eimeet be@use they
cannot meet on one side or the othaince the angles are the same on both sides, symmetry
demands that they either meet on both sides or neither. The former is impossible because two

different straight lines can have at most one pointin conmiotheplangd ! v | 8ARSY (KA & ¢
intuitively clear to most people but Euclid never offers any justification for this other than the
FaadzYLliAzy GKFG ale2 fAySa OlFlyyz2iGd SyOoftz2asS | aLl C

someto convin@ yourself of this!)
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Note to Teachers

Thisd ¢ KS2NBY Rouridtions df GedBeliyi ®E R2Say Qi 2FFSNI | LINR 2
that it followsimmediatelyfrom the assumption that two points lie onumiqueline (see also
Hartshorne p.66).

Incidentally, irelliptic geometry two straight linesancross twice to enclose a space, angl«x,
odzi GKI GdQa I {2 OMn®of heliNds bf orRgiiudeSon theQyblokzit i at both
poles- a space can be enclosed by any pair of longitudinal lines!

This discussion, or parts thereof, should give enough hints to eyabl® work out how to
construct dine segmenparalkl to a giverline segmenby usinga perpendicularconstruction
twice. Have a think about how to go about it before looking at the recipe bé@anstruction 27).

We give the method to construct a parallele segmenthrough agivenpoint rather thanan

arbitrary parallel. This combines Construction32and 206 to create a pgvendicular to a

perpendicularln a manner of speakingie are simply makintwo 91 x G dzZNJ/ & ¥ NiBeY 2 dzNJ 2 N
segmentb 2 G A OS K2 ¢ 2dzNJ INER ¢ Ay Thbaused dbdildup gore2 T 02 vy & (i NHzC
complicated ones; this is a general theme in a lot of mathematics!

Note to Teachers

LiQa (GKS SEA&GSYOS I'yR dzyAljdzSySaa 27F IghoNd ff St £ A
Euclidean geometries are usually obtainedigking some change to the parallel postulate. In
elliptic geometry, there are no (straight) parallels; in hyperbolic geometry there are many through
each point.

28§ R2y Qi 3ISYSNIff
YIEGSNRAIF X o6dzi AT ¢S

(0Z

ReStft 2y U&HKpcaursa tifat dovershts Q2 dzNA S
ARY QO 68QR 6Lyl G2 Fd 81 ad

()
pu

Parallel Lines and Angles
This section describes two very useful theorems about what happens when a pair of parallel lines
crosses some other line, as in this diagram:

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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It turnsout that we can say some quite interesting things about the way the two parallel (red) lines
cut across the green line.

The first thing to notice is that the angle at which the green line cuts the first red line is the same as
the one at which it cuts theecond red line:

By combining this with the theorem about opposite angles from the end of the previous session we
canfind all the anglesn a figure like this if we know just a single an@ common exercise from
school geometryln addition we can pree certain theorems about the internal angles of a triangle.

Using this last insight and those we've seen earlier regarding angles, we are now in a position to
prove the familiar school result that the angle sum of a triangle is280) radians

Theabovetriangle- formed by the lower red line, the blue and green lindss three angles

coloured green, blue and yellow. Using the upper red line and the properties of parallel lines we can
identify the congruent anglesall green angles are equal] blue angles are equal and the two

yellow are angles are equal.

Following thepath of the upper red linghrough the top vertex of the trianglaye can see that
angles YELLOW + BLUE + GREEN = a 'half turn' or a straight line. This is therefoecath¢heam
'internal angle sum' of triangle. By convention there are 18®oth.

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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Constructing Parallel Lines

We now turn away from the proofs regarding properties to examine the practicalities of
construction with straightedge and compass. We'll see thoiingit these theorems and properties
associated with parallel lines give us a lot of new deductive power.

Construction 2. 07
To construct dine segmentthrough a given point and parallel to a givdime segment

1. We are given éine segmentand a point not on thdine segment

2. Use Construction B6to construct the perpendicular tthe givenline segmenthrough the
given point which is not on the firdine segmen{the result is thahin, vertical,blackline
segmentin the figure)

3. UseConstruction 25 to construct the perpendicular to this ndime segmenthrough the
given point which lies on the first perpendiculéhe result is the redine segmentwhich is
indeed parallel to the greeline segmenand goes through the desired ).

If you require more of a hint for this constructiamd others you can adjust the view in Geogebra to
show every construction step (not just the 'breakpoints') under the 'Options' menu in the
Construction Protocol window.

Squares and other Paralle lograms

Having understood the relationship between parakehd perpendiculas, you should now be able

to extend the idea to the construction of squares. Produdimg segmerg and copying lengths
needs to be done to ensure the end result really is aasgund just a squardash rectangleA good
way to pose the problem is: giveriae segmentconstruct the square on it (i.e. the square of which
the givenline segments a side).

A square is a fowsided polygon that has two important properties:

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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1 Itis arectangle, meaning its sides are at right angles to each other. We now know this
means that they ar@erpendiculayand we know how to construct perpendiculare
segmens.

9 Iltisregular, meaning its sides are all the same length. We know how to atipg segment
by storingislengthA y G KS O2YLI aaQa aYSY2NER¢ O

This may constitute enough hints to work out how to construct a square. Our solution, Construction
2.08, is rather inefficient but it uses only Constructio@®and relates very explicitly these two
properties of squares.

Construction 2. 08
To construct a square with a givdime segmentas a side.

1. We are given #ine segmentwhich will be the first side of the square

2. Extend thdine segmento at least double its original length.

3. UseConstruction 25 to erect a perpendicular to the givdine segmenthat passes
through one of its engboints.

4. Use the compass to copy the length of the giliee segmenbnto this perpendicular (you
might need to extend it). Thajives the second sidd the square (the red side on the right
in the figure).

5. Repeat steps-2, treating this newine segmenexactly like the given one; turning the page
pnx Oft20106AaS YIe KSft LI O2yOS Lifedgegiménithed ¢ KS NBa
third side of thesquare.

6. Finally, draw the fourth side (rdihe segmenbn the left) by joining up the two remaining
end points.

© Rich Cochrane & Andrew McGettigan  Reviewer: Jeremy Gray
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LiQa ¢2NIK aK2gAy3d y20KSNE Y2NB shfismkh@i Sy i
different problem: given a circle, construtte square that fits exactly inside it, touching it only at
the corners.The technical term for this is that the circlanscribedin the square. In the following
construction we assume the centre of the circle is given along with it. It can be fouityl @asugh if
AG AayQli o/ 2yaidNHzOUGA2Y HdmMnLI o0dzi 6S R2yQi
for anything later.

Construction 2. 09
To construct a squarescribed in a given circle

We are given a circle and its centre.

Draw anyline segmenthrough the centre, intersecting the circle at two opposite points.
Construct the perpendicular bisector of the part of fhee segmenthat's inside the circle.
Identify the two points where the bisector crosses the circle.

Join the four paits on the circle to form the square.

1.
2.
3.
4,
5.
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Ly OF&S @2dz FAYR @2dz2NASE T ¢2NJAy3a gAGK || OANDES
OSYyiuNB® | SNE Aa 2yS gl&8T ¢S R2y Qi O2@0SNJ Sy2dAaAK 7
to prove it woks, or set it as an exercise, but students fresh from (for example) GCSE geometry

would make more of it.

Construction 2. 10
Tofind the centre of a given circle

A circle is given but its centre is unknown.

Pick any two points on the circle.

Connect the wo points with dine segment

Construct the perpendicular bisector of thise segmentMake sure it extends well past

where the centre of the circle would be.

Pick any third poinbn the circle's circumference

Join it to the closest of the other two points witHiae segment

7. Constuct the perpendicular bisector of thime segmentAgain, ensure the bisector is long
enough to go past the centre of the circle.

8. The point where the two bisectors cross is the centre of the circle.

A wbhPe

o

This technique can also be used to prove that giventhree points that do not lie on a straight line
there is a unigue circle where the circumference goes through each point.

The square is just one of a much more general class of polygons matiiklograms which have
four sidesand whose pairs of opgsite sides arparallel.2 SQf f Ay @SaidiAa3arisS (KSasS
next time. Drawing oné a simpleapplication of copying an angle and a length
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